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Abstract: This paper proves that on any tamed closed almost complex four-manifold
(M,J) whose dimension of J-anti-invariant cohomology is equal to the self-dual second
Betti number minus one, there exists a new symplectic form compatible with the given
almost complex structure J . In particular, if the self-dual second Betti number is one, we
give an affirmative answer to a question of Donaldson for tamed closed almost complex
four-manifolds. Our approach is along the lines used by Buchdahl to give a unified proof
of the Kodaira conjecture.
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1 Introduction
Suppose thatM is a closed, oriented, smooth 4-manifold and suppose that ω is a symplectic
form on M that is compatible with the orientation. An endomorphism, J , of TM is
said to be an almost complex structure when J2 = −idTM . Such an almost complex
structure is said to be tamed by ω when the bilinear form ω(·, J ·) is positive definite. The
almost complex structure J is said to be compatible (or calibrate) with ω when this same
bilinear form is also symmetric, that is, ω(·, J ·) > 0 and ω(J ·, J ·) = ω(·, ·). M. Gromov
[32] observed that tamed almost complex structures and also compatible almost complex
structures always exist. Let J (M) be the space of all almost complex structures on M ,
Jc(M,ω) the space of all ω-compatible almost complex structures on M and Jτ (M,ω) the
space of all ω-tame almost complex structures on M . Note that Jc(M,ω) and Jτ (M,ω)
are even contractible, and Jτ (M,ω) is open in the space J (M) (This is defined using the
C∞-Fre´chet space topology (cf. [2])). S. K. Donaldson [16] posed the following question: If
an almost complex structure is tamed by a given symplectic form ω, must it be compatible
with a new symplectic form? That is, which tamed almost complex 4-manifolds can be
calibrated? This is a natural question to arise in the context of calibrated geometries
∗The work is supported by PRC grant NSFC 11701226 (Tan), 11371309, 11771377 (Wang), 11426195
(Zhou), 11471145 (Zhu); Natural Science Foundation of Jiangsu Province BK20170519 (Tan); University
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2[33,35,36]. Since any almost complex 4-manifold (M,J) has the local symplectic property
[54, 68], that is, for any p ∈ M , there exists a J-compatible symplectic 2-form ωp on a
neighborhood Up of p which can be viewed as a calibration on Up [33, 35,36].
Note that there are topological obstructions to the existence of almost complex struc-
tures on an even dimensional manifold. For a closed 4-manifold, a necessary condition is
that 1 − b1 + b+ be even [3], where b1 is the first Betti number and b+ is the number of
positive eigenvalues of the quadratic form on H2(M ;R) defined by the cup product, hence
the condition is either b1 be even and b+ odd, or b1 be odd and b+ even. It is a well-known
fact (that is the Kodaira conjecture [50]) that any closed complex surface with b1 even is
Ka¨hler. The direct proofs have been given by N. Buchdahl [7] and A. Lamari [53]. R.
Harvey and H. B. Lawson, Jr. (Theorems 26 and 38 in [34]) proved that for any closed
complex surface (M,J) with b1 even, there exists a symplectic form ω on M by which J is
tamed. Thus, Donaldson’s question for tamed almost complex 4-manifolds (in particular,
b+ = 1) is related to the Kodaira conjecture for complex surfaces (cf. [18]).
WhenM = CP 2 for every tamed almost complex structure J , there exists a symplectic
form Ω on CP 2 with which J is compatible. It follows from M. Gromov’s result [32] on
pseudoholomorphic curves and C. H. Taubes’ result [75] on symplectic forms on CP 2.
Donaldson suggests in [16] an approach to his question, one along the lines used by S.-
T. Yau in [82] to prove the Calabi conjecture. This approach is considered by V. Tosatti,
B. Weinkove, and S.-T. Yau in [77,80].
Taubes considered in [76] Donaldson’s question as follows: Fix a closed almost complex
4-manifold M with b+ = 1 and with a given symplectic form ω. He proves in [76] the
following: The Fre´chet space, Jτ (M,ω), of tamed almost complex structures as defined
by ω has an open and dense subset whose almost complex structures are compatible with
a new symplectic form that is cohomologous to ω.
Very recently, T.-J. Li and W. Zhang [59] studied Nakai-Moishezon type question and
Donaldson’s “tamed to compatible” question for almost complex structures on rational
4-manifolds. By extending Taubes’ subvarieties-current-form technique to J-nef genus 0
classes, they gave affirmative answers of these two questions for all tamed almost complex
structures on S2 bundles over S2 as well as for many geometrically interesting tamed
almost complex structures on other rational four manifolds.
For a closed almost complex 4-manifold (M,J), T.-J. Li and W. Zhang [58] introduced
subgroups H+J and H
−
J , of the real degree 2 de Rham cohomology group H
2(M ;R), as the
sets of cohomology classes which can be represented by J-invariant and J-anti-invariant
real 2-forms. Let us denote by h+J and h
−
J the dimensions of H
+
J and H
−
J , respectively. T.
Draghici, T.-J. Li and W. Zhang [18] proved that for a closed almost complex 4-manifold
(M,J),
H2(M ;R) = H+J ⊕H−J .
If J is integrable, the induced decomposition is nothing but the classical real Hodge-
Dolbeault decomposition of H2(M ;R) (cf. [3, 18]), that is,
H+J = H
1,1
∂¯
∩H2(M ;R) and H−J = (H2,0∂¯ ⊕H
0,2
∂¯
) ∩H2(M ;R).
3In this paper, we give an affirmative answer to Donaldson’s question when h−J = b
+−1
by using very different approach. In particular, if the self-dual second Betti number is one,
we give an affirmative answer to the conjecture of Tosatti, Weinkove and Yau [77]. Our
approach is along the lines used by Buchdahl in [7] to give a unified proof of the Kodaira
conjecture.
Theorem 1.1. Let M be a closed symplectic 4-manifold with symplectic form ω. Suppose
that J is an ω-tame almost complex structure on M and h−J = b
+ − 1. Then there exists
a new symplectic form Ω that is compatible with J .
Remark 1.2. If (M,J) is a closed complex surface with b1 even, then there exists a
symplectic form ω by which J is tamed (see Theorem 26 and 38 in [34]) and h−J = b
+− 1.
Thus, the above theorem gives an affirmative answer to the Kodaira conjecture in symplectic
version.
Note that if (M,J) is a tamed, closed almost complex 4-manifold, then it is easy to
see that 0 ≤ h−J ≤ b+ − 1 (cf. [73, 78]), thus h−J = b+ − 1 is a technical condition. Hence
if b+ = 1, then h−J = b
+ − 1 = 0. As a direct consequence of Theorem 1.1, we have the
following corollary which gives an affirmative answer to Conjecture 1.2 in [77] (see also the
description in [80]).
Corollary 1.3. Let (M,J) be a tamed, closed, almost complex 4-manifold with a taming
form ω. When b+ = 1, then exists a new symplectic form Ω that is compatible with almost
complex structure J and cohomologous to ω.
We have shown that generically h−J = 0 (cf. [73, 74]). So when b
+ > 1 the hypothesis
of Theorem 1.1 can at best be satisfied by very special almost complex structures (for
example, J is integrable). Hence, it is natural to ask the following question,
Question 1.4. (1) Which is the sufficient and necessary condition for Donaldson’s “tamed
to compatible” question?
(2) Is it possible to construct a closed symplectic 4-manifold (M,ω) with b+ > 1 such
that for any ω-compatible almost complex structure J , h−J is strictly less than b
+ − 1?
The remainder of the paper is organized as follows:
Section 2: Preliminaries. In this section, it is similar to ∂∂¯ operator in classical
complex analysis, we introduce the operators D˜+J and D+J on tamed almost complex 4-
manifolds.
Section 3: The intersection pairing on weakly D˜+J -closed (1,1)-forms. In this
section, as done in complex surfaces, we give the notion of weakly D˜+J -closed (1, 1)-form
which is similar to the weakly ∂∂¯-closed (1, 1)-form in classical complex analysis. We
investigate the intersection pairing on weakly D˜+J -closed (1,1)-forms, and obtain a key
lemma (Lemma 3.12) as done in compact complex surfaces.
Section 4: The tamed almost complex 4-manifolds with h−J = b
+ − 1. In this
section, based on the key lemma proved in Section 3, we give a proof of our main theorem
4which follows mainly Buchdahl’s proof of the fact that compact complex surfaces with b1
even is Ka¨hler.
To prove the main result, we extend several notions and important theorems from
complex analysis to the almost complex setting which are necessary for the proof of the
main theorem. Many of them are interesting by themselves. The rest of this paper contains
three appendices:
Appendix A: Elementary pluripotential theory
A.1: J-plurisubharmonic functions on almost complex manifolds.
A.2: Kiselman’s minimal principle for J-plurisubharmonic functions.
A.3: Ho¨rmander’s L2-estimates on tamed almost complex 4-manifolds.
A.4: The singularities of J-plurisubharmonic functions on tamed almost complex 4-
manifolds.
Appendix B: Siu’s decomposition theorem on tamed almost complex 4-
manifolds
B.1: Lelong numbers of closed positive (1, 1)-currents on tamed complex 4-manifolds.
B.2: Siu’s decomposition formula of closed positive (1, 1)-currents on tamed almost
complex 4-manifolds.
Appendix C: Demailly’s approximation theorem on tamed almost complex
4-manifolds
C.1: Exponential map associated to the second canonical connection.
C.2: Regularization of quasi-J-plurisubharmonic functions on tamed almost Hermitian
4-manifolds.
C.3: Regularization of closed positive (1, 1)-currents on tamed almost complex 4-
manifolds.
C.4: Demailly’s approximation theorem on tamed almost complex 4-manifolds.
2 Preliminaries
Suppose that M is an almost complex manifold with almost complex structure J , then
for any x ∈ M , Tx(M) ⊗R C which is the complexification of Tx(M), has the following
decomposition (cf. [2, 48,58]):
Tx(M)⊗R C = T 1,0x + T 0,1x , (2.1)
where T 1,0x and T
0,1
x are the eigenspaces of J corresponding to the eigenvalues
√−1 and
−√−1, respectively. A complex tangent vector is of type (1, 0) (resp. (0, 1)) if it belongs to
T 1,0x (resp. T
0,1
x ). Let T (M)⊗RC be the complexification of the tangent bundle. Similarly,
let T ∗M ⊗R C denote the complexification of the cotangent bundle T ∗M . J can act on
T ∗M ⊗R C as follows:
∀α ∈ T ∗M ⊗R C, Jα(·) = −α(J ·).
Hence T ∗M ⊗R C has the following decomposition according to the eigenvalues ∓
√−1:
T ∗M ⊗R C = Λ1,0J ⊕ Λ0,1J . (2.2)
5We can form exterior bundle Λp,qJ = Λ
pΛ1,0J ⊗ΛqΛ0,1J . Let Ωp,qJ (M) denote the space of C∞
sections of the bundle Λp,qJ . The exterior differential operator acts on Ω
p,q
J as follows:
dΩp,qJ ⊂ Ωp−1,q+2J +Ωp+1,qJ +Ωp,q+1J +Ωp+2,q−1J . (2.3)
Hence, d has the following decomposition:
d = AJ ⊕ ∂J ⊕ ∂¯J ⊕ A¯J . (2.4)
Recall that on an almost complex manifold (M,J), there exists the Nijenhuis tensor NJ
as follows:
4NJ = [JX, JY ]− [X,Y ]− J [X,JY ]− J [JX, Y ], (2.5)
where X,Y ∈ TM . By the Newlander-Nirenberg Theorem [2], NJ = 0 if and only if J
is integrable, that is, J is a complex structure. If J is integrable, then d = ∂J ⊕ ∂¯J (For
details, see [2,48,58]). By a direct calculation, we have: For any α ∈ (Ωp,qJ +Ωq,pJ )R ⊂ Ωp+qR ,
(AJ + A¯J)(α)(X1, ...,Xp+q+1) =
∑
i<j
(−1)i+j+1α(NJ(Xi,Xj),X1, ..., Xˆi, ..., Xˆj , ...,Xp+q+1),
(2.6)
where X1, ...,Xp+q+1 ∈ T (M) (cf. [48, 77,79]).
Let (M,J) be an almost complex 4-manifold. After a simple calculation, we can get
the following properties:
d : Ω0R −→ Ω1R, d = ∂J + ∂¯J . (2.7)
AJ ◦ ∂J + ∂¯2J + A¯J ◦ ∂¯J + ∂2J = 0 : Ω0R −→ (Ω2,0J +Ω0,2J )R. (2.8)
∂J ◦ ∂¯J + ∂¯J ◦ ∂J = 0 : Ω0R −→ Ω1,1R . (2.9)
d : Ω1R −→ Ω2R, d = AJ + ∂J + ∂¯J + A¯J . (2.10)
d : (Ω2,0 +Ω0,2)R −→ (Ω1,2 +Ω2,1)R, d = AJ + ∂J + ∂¯J + A¯J . (2.11)
d : Ω1,1R −→ (Ω1,2 +Ω2,1)R, d = ∂J + ∂¯J . (2.12)
∂J ◦ ∂¯J + ∂¯J ◦ ∂J = 0 : Ω1,1R −→ Ω4R. (2.13)
Suppose that (M,J) is an almost complex 4-manifold. One can construct a J-invariant
Riemannian metric g on M , namely, g(JX, JY ) = g(X,Y ) for all tangent vector fields X
and Y on M . Such a metric g is called an almost Hermitian metric (real) on (M,J).
This then in turn gives a J-compatible nondegenerate 2-form F on M by F (X,Y ) =
g(JX, Y ), called the fundamental 2-form. Such a quadruple (M,g, J, F ) is called an almost
Hermitian 4-manifold. Thus an almost Hermitian structure on M is a triple (g, J, F ). If J
is integrable, the triple (g, J, F ) is called an Hermitian structure (In complex coordinate
system, the almost Hermitian metric is written as h = g − √−1F .). By using almost
Hermitian structure (g, J, F ), we can define a volume form dµg = F
2/2 with∫
M
dµg = 1
6by rescaling in the conformal equivalent class [g]. If the 2-form F is closed, then the triple
(g, J, F ) is called an almost Ka¨hler structure. When the two conditions hold simultane-
ously, the (g, J, F ) defines a Ka¨hler structure on M (cf. [2, 48]). Note that although M
need not admit a symplectic condition (i.e. dF = 0), P. Gauduchon [27] has shown that
for a closed almost Hermitian 4-manifold (M,g, J, F ) there is a conformal rescaling of the
metric g, unique up to positive constant, such that the associated form satisfies ∂¯J∂JF = 0.
This metric is called Gauduchon metric.
Let Ω2R(M) denote the space of real smooth 2-forms onM , that is, the real C
∞ sections
of the bundle Λ2R(M). The almost complex structure J acts on Ω
2
R(M) as an involution by
α(·, ·) 7→ α(J ·, J ·), thus we have the splitting into J-invariant and J-anti-invariant 2-forms
respectively
Λ2R = Λ
+
J ⊕ Λ−J , (2.14)
where the bundles Λ±J are defined by
Λ±J = {α ∈ Λ2R | α(J ·, J ·) = ±α(·, ·)}.
We will denote by Ω+J and Ω
−
J , respectively, the C
∞ sections of the bundles Λ+J and Λ
−
J .
For α ∈ Ω2R(M), denote by α+J and α−J , respectively, the J-invariant and J-anti-invariant
components of α with respect to the decomposition (2.14). We will also use the notation
Z2R for the space of real closed 2-forms on M and Z±J = Z2R ∩ Ω±J for the corresponding
projections.
Li and Zhang have defined in [58] the J-invariant and J-anti-invariant cohomology
subgroups H±J of H
2(M ;R) as follows:
H±J = {a ∈ H2(M ;R) | ∃α ∈ Z±J such that [α] = a};
J is said to be C∞-pure if H+J ∩ H−J = {0}, C∞-full if H+J + H−J = H2(M ;R). J is
C∞-pure and full if and only if H2(M ;R) = H+J ⊕H−J .
Proposition 2.1. (Theorem 2.2 in [18]) If M is a closed almost complex 4-manifold
(M,J), then the almost complex structure J on M is C∞-pure and full. Thus, there is a
direct sum cohomology decomposition
H2(M ;R) = H+J ⊕H−J .
Let us denote by h+J and h
−
J the dimensions of H
+
J and H
−
J , respectively. Then we have
b2 = h+J + h
−
J , where b
2 is the second Betti number.
When J is integrable, there is the Dolbeault decomposition which has long been dis-
covered.
Remark 2.2. (cf. [3, 18]) If J is integrable on a closed 4-manifold, then
H+J = H
1,1
∂¯J
∩H2(M ;R) ; H−J = (H2,0∂¯J ⊕H
0,2
∂¯J
) ∩H2(M ;R).
7Let us denote the dimension of Hp,q
∂¯J
by hp,q
∂¯J
. So if J is integrable, it follows from the above
proposition that h+J = h
1,1
∂¯J
, h−J = 2h
2,0
∂¯J
. So in this case, using the signature theorem we
get
h+J =
{
b− + 1 if b1 even
b− if b1 odd,
h−J =
{
b+ − 1 if b1 even
b+ if b1 odd.
Since (M,g, J, F ) is a closed almost Hermitian 4-manifold, the Hodge star operator ∗g
gives the self-dual, anti-self-dual decomposition of the bundle of 2-forms (see [16,17]):
Λ2R = Λ
+
g ⊕ Λ−g . (2.15)
We denote by Ω±g the spaces of smooth sections of Λ±g , and by α+g and α−g respectively the
self-dual and anti-self-dual components of a 2-form α. Since the Hodge-de Rham Laplacian
∆g = dd
∗ + d∗d, where d∗ = − ∗g d∗g is the codifferential operator with respect to the
metric g, commutes with ∗g, the decomposition (2.15) holds for the space Hg of harmonic
2-forms as well. By Hodge theory, this induces cohomology decomposition by the metric
g:
Hg = H+g ⊕H−g .
Suppose α ∈ Ω+g and its Hodge decomposition [16,17] is:
α = αh + dθ + d
∗ψ = αh + dθ + ∗gdϕ,
where αh is a harmonic 2-form and ϕ = − ∗g ψ . Then, since ∗gα = α, the uniqueness of
the Hodge decomposition gives that θ = ϕ, and αh = ∗gαh, so α = αh + d+g (2θ), where
d±g : Ω
1
R → Ω±g
is the first-order differential operator formed from the composite of the exterior derivative
d : Ω1R → Ω2R with the algebraic projections P±g = 12(1 ± ∗g) from Ω2R to Ω±g , where
d±g = P±g d. So we can get the following Hodge decompositions (see [17]):
Ω+g = H+g ⊕ d+g (Ω1), Ω−g = H−g ⊕ d−g (Ω1). (2.16)
Note that
d±g d
∗ : Ω±g → Ω±g (2.17)
are self-adjoint strongly elliptic operators and ker d±g d∗ = H±g . If d+g u is d-closed, that is,
dd+g u = 0, then
0 =
∫
M
dd+g u ∧ u = −
∫
M
d+g u ∧ du = −
∫
M
|d+g u|2,
so d+g u = 0. Similarly, for any u ∈ Ω1R, if d+g u = 0,
0 =
∫
M
du ∧ du =
∫
M
|d+g u|2 −
∫
M
|d−g u|2 = −
∫
M
|d−g u|2, (2.18)
so d−g u = 0 too, therefore we can get du = 0 (cf. [16, 17]).
8We define,
H±g = {a ∈ H2(M ;R) | ∃α ∈ Z±g := Z2R ∩ Ω±g such that a = [α]}.
There are the following relations between the decompositions (2.14) and (2.15) on an
almost Hermitian 4-manifold:
Λ+J = R · F ⊕ Λ−g , Λ+g = R · F ⊕ Λ−J , (2.19)
Λ+J ∩ Λ+g = R · F, Λ−J ∩ Λ−g = {0}. (2.20)
It is easy to see that H−J ⊂ H+g and H−g ⊂ H+J (cf. [19, 73]).
Let b+ the self-dual Betti number, and b− the anti-self-dual Betti number of M , hence
b2 = b+ + b−. Thus, for a closed almost Hermitian 4-manifold (M,g, J, F ), we have
(cf. [73]):
Z−J ⊂ Z+g , Z−g ⊂ Z+J , b+ + b− = h+J + h−J , h+J ≥ b−, 0 ≤ h−J ≤ b+.
M. Lejmi [56] recognizes Z−J as the kernel of an elliptic operator on Ω−J .
Lemma 2.3. (Lemma 4.1 in [56]) Let (M,g, J, F ) be a closed almost Hermitian 4-manifold.
Let operator P : Ω−J → Ω−J be defined by
P (ψ) = P−J (dd
∗ψ),
where P−J : Ω
2
R → Ω−J is the projection. Then P is a self-adjoint strongly elliptic linear
operator with kernel the g-self-dual-harmonic, J-anti-invariant 2-forms. Hence,
Ω−J = kerP ⊕ P−J (dΩ1R) = H−J ⊕ P−J (dΩ1R).
Suppose that (M,J) is a closed complex surface, that is, J is integrable. Theorem 2.13
of [3] shows that the cup product form on H2(M,R), restricted to H1,1R (M), is nondegen-
erate of type (1, h1,1 − 1) if b1 is even and of type (0, h1,1) if b1 is odd. For closed almost
complex 4-manifolds, by using Proposition 2.1 and Lemma 2.3, we have the following
analogous theorem:
Theorem 2.4. (Signature Theorem) Let (M,J) be a closed almost complex 4-manifold.
Then the cup-product form on H2(M ;R) restricted to H+J is nondegenerate of type (b
+ −
h−J , b
−).
Proof. We define an almost Hermitian structure (g, J, F ) on M . By Proposition 2.1, we
have
H2(M ;R) = H+g ⊕H−g = H+J ⊕H−J .
So we can get
H+J = H
−
g ⊕ (H+J ∩H+g ), dim(H+J ∩H+g ) = b+ − h−J .
9For any [γ] ∈ H+g , γ ∈ H+g ,
γ−J =
1
2
(γ(·, ·) − γ(J ·, J ·)) ∈ Ω−J ,
by Lemma 2.3 ,
γ−J = γh + d
−
J (vγ + v¯γ),
where
γh ∈ Z−J ⊆ H+g , vγ ∈ Ω0,1J .
γ − γh is still a self-dual harmonic 2-form.
γ − γh − d(vγ + v¯γ) ∈ H+J .
By the discussion above, we can choose [ω1], ..., [ωb+−h−J ], where (ωi, ωj)g = δij for a
standard orthonormal basis of H+J ∩ H+g with respect to the cup product. Let ω˜i ∈ Z+J
cohomologous to ωi. So∫
M
ω˜i ∧ ω˜j =
∫
M
ωi ∧ ωj =
∫
M
ωi ∧ ∗gωj = (ωi, ωj)g = δij . (2.21)
Let β1, ..., βb− ∈ H−g be a standard orthonormal basis of H−g with respect to the inte-
gration by g, i.e. ,
(βi, βj)g =
∫
M
βi ∧ ∗gβj = δij . (2.22)
So [β1], ..., [βb− ] is standard orthonormal basis of H
−
g with respect to the cup product.
It is easy to see that (ω˜i, βj)g = 0 pointwise. So {ω˜1, ..., ω˜b+−h−J , β1, ..., βb−} is a stan-
dard orthonormal basis of Z+J with respect to the cup product. The matrix of the cup-
product form on H2(M ;R) restricted to H+J under the above basis is(
Ib+−h−J 0
0 −Ib−
)
. (2.23)
This completes the proof of Theorem 2.4.
We define the following operators:
d+J = P
+
J d : Ω
1
R −→ Ω1,1R ,
d−J = P
−
J d : Ω
1
R −→ (Ω2,0J +Ω0,2J )R, (2.24)
where P±J : Ω
2
R −→ Ω±J .
Suppose that (M,g, J, F ) is a closed almost Hermitian 4-manifold, and that the given
almost complex structure J is also tamed by a symplectic form ω. By Lemma 2.3, ω can
be decomposed as follows:
ω = F + d−J (v + v¯) + αω,
where αω ∈ Z−J ⊂ H+g , v ∈ Ω0,1J , F 2 > 0. Set ω1 = ω − αω. It is clear that J is also an
ω1-tame almost complex structure. Set
ω˜1 = ω1 − d(v + v¯) = F − d+J (v + v¯) ∈ Z+J .
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Thus [ω˜1] ∈ H+g ∩H+J . It is easy to see that 0 ≤ h−J ≤ b+ − 1 (cf. [73]). We may assume
without loss of generality that ∫
M
F 2 = 2
and ∫
M
|d−J (v + v¯)|2dµg = 2a > 0,
for if a = 0, then F is a symplectic form compatible with J .
Let (g, J, F ) be an almost Hermitian structure on a closed 4-manifold M , ω1 = F +
d−J (v + v¯) a symplectic form on M by which J is tamed, where v ∈ Ω0,1J . Suppose
ψ ∈ Λ1,1R ⊗ L2(M) is d-exact with
ψ = d(u+ u¯) = d+J (u+ u¯), i.e., d
−
J (u+ u¯) = 0, (2.25)
for some u ∈ Λ0,1J ⊗ L21(M). Let
fψ =
1
2
ψ ∧ F/dµg − 1
2
∫
M
ψ ∧ F,
then ∫
M
fψdµg = 0.
Define
L22(M)0 := {f ∈ L22(M)|
∫
M
fdµg = 0}.
It is easy to see that fψ ∈ L22(M)0. Recall that if J is integrable, in classical complex
analysis, it follows that dJdfψ = 2
√−1∂J ∂¯Jfψ. For general case (i.e., J is not integrable),
by Lemma 2.3, there exists η1ψ ∈ Λ0,2J ⊗ L22(M) such that
d−J Jdfψ + d
−
J d
∗(η1ψ + η
1
ψ) = 0.
Then, by Lemma 2.3 and the Hodge decomposition Ω+g = H+g ⊕ d+g (Ω1) (cf. [16,17]), since
d+g d
∗ : Ω+g −→ Ω+g
is a strongly self-adjoint elliptic operator, there are η2ψ ∈ Λ0,2J ⊗ L22(M)4 satisfying
d+g (u+ u¯) = d
+
g d
∗[fψω1 + (η1ψ + η
2
ψ + η
1
ψ + η
2
ψ)], (2.26)
where
fψω1 + (η
1
ψ + η
2
ψ) + (η
1
ψ + η
2
ψ) ∈ Ω+g .
Note that
d∗(fψω1) = − ∗g d(fψω1)
= − ∗g (dfψ ∧ ω1)
= − ∗g (dfψ ∧ F )
= Jdfψ − ∗g(dfψ ∧ d−J (v + v¯)). (2.27)
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By (2.18) and (2.26), we have
ψ = d(u+ u¯)
= dd∗[fψω1 + (η1ψ + η
2
ψ + η
1
ψ + η
2
ψ)]
= dJdfψ + dd
∗(η1ψ + η
1
ψ)− d ∗g (dfψ ∧ d−J (v + v¯)) + dd∗(η2ψ + η2ψ),
where, by Lemma 2.3,
−d−J ∗g dfψ ∧ d−J (v + v¯) + d−J d∗(η2ψ + η2ψ) = 0.
Thus, by the above discussion, we can define two operators
D+J and D˜+J : L22(M)0 −→ Λ1,1R ⊗ L2(M).
Definition 2.5. Set W : L22(M)0 −→ Λ1R ⊗ L21(M),
W(f) = Jdf + d∗(η1f + η1f ), η1f ∈ Λ0,2J ⊗ L22(M),
satisfying
d−JW(f) = 0.
Define D+J : L22(M)0 −→ Λ1,1R ⊗ L2(M), D+J (f) = dW(f).
Set W˜ : L22(M)0 −→ Λ1R ⊗ L21(M),
W˜(f) =W(f)− ∗g(df ∧ d−J (v + v¯)) + d∗(η2f + η2f ), η2f ∈ Λ0,2J ⊗ L22(M),
satisfying
d∗W˜(f) = 0, d−J W˜(f) = 0.
Define D˜+J : L22(M)0 −→ Λ1,1R ⊗ L2(M), D˜+J (f) = dW˜(f).
Remark 2.6. Notice that d−J W˜ = 0 = d−JW, by the above formula, it implies that
d−J (∗g(df ∧ d−J (v + v¯)) + d∗(η2f + η2f )) = 0.
If dF = 0, then D+J = D˜+J since d−J (v + v¯) = 0. If J is integrable, ∂¯2J = ∂2J = 0 and
∂J ∂¯J + ∂¯J∂J = 0, then dJdf = 2
√−1∂J ∂¯Jf = D+J (f), that is, η1f = 0. (cf. [77, 79]). For
the higher dimensional closed almost Ka¨hler manifold (M,g, J, ω), could one define the
similar operator D+J with the strongly self-adjoint elliptic operator?
Denote by G the Green operator associated to ∆g (cf. [49]). The Hodge operator ∗g
commutes with ∆g. It follows that ∗g commutes with G. It is clear that d and d∗ commute
with G. Lejmi [56] proved a generalized ∂∂¯-lemma for almost Ka¨hler 4-manifolds under the
condition h−J = b
+− 1, and in the following, we generalize this result to almost Hermitian
manifolds (M,g, J, F ) with J tamed by ω1, where ω1 is the form defined earlier.
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Proposition 2.7. (cf. Proposition 2.5 in [57]) If h−J = b
+−1, then D˜+J (f) can be rewritten
as
D˜+J (f) = 2dGd∗(f ′F ) = 2Gdd∗(f ′F ) = 2dd∗G(f ′F ),
and W˜(f) can be rewritten as
W˜(f) = 2Gd∗(f ′F ) = 2d∗G(f ′F ),
where f ′ ∈ L2(M)0, f ∈ L22(M)0.
Proof. First of all, we prove that for any f ′ ∈ L2(M)0, dGd∗(f ′F ) is J-invariant if h−J =
b+ − 1. Without loss of generality, we choose f ′ ∈ C∞(M)0.
(dGd∗(f ′F ))−J = P
+
g (dGd
∗(f ′F ))− 1
2
(P+g (dGd
∗(f ′F )), F )gF
=
1
2
(1 + ∗g)(−Gd ∗g d ∗g (f ′F ))− 1
4
(1 + ∗g)(−Gd ∗g d ∗g (f ′F ), F )gF
=
1
2
G∆g(f
′F )− 1
4
(G∆g(f
′F ), F )gF
=
1
2
(f ′F )− 1
2
(f ′F )H − 1
4
(f ′F − (f ′F )H , F )gF
=
1
2
(f ′F )− 1
2
(f ′F )H − 1
2
(f ′F ) +
1
4
((f ′F )H , F )gF
= −1
2
(f ′F )H +
1
4
((f ′F )H , F )gF,
where (f ′F )H denotes the harmonic part with respect to ∆g. Under the assumption
h−J = b
+ − 1, it follows that (f ′F )H = 0 for any smooth function f ′ with zero integral for
the following reason. In this case,
H2g = R · ω1 ⊕H−J ⊕H−g .
Since ∫
M
f ′F ∧ ω1 =
∫
M
f ′F ∧ F = 2
∫
M
f ′dµg = 0,
f ′F ∧ α ≡ 0 for any α ∈ H−J and f ′F ∧ β ≡ 0 for any β ∈ H−g , by Hodge decomposition
(cf. [17]), we can get (f ′F )H = 0. By the above calculation, it is easy to see that
P+g (2dGd
∗(f ′F )) = P+g (2dd
∗G(f ′F )) = G∆g(f ′F ) = f ′F. (2.28)
Second, let ψ be a smooth J-invariant 2-form which is d-exact, i.e., ψ = d(u + u¯)
and d−J (u + u¯) = 0, where u ∈ Ω0,1J . Then P+g (ψ) = f ′ψF , f ′ψ ∈ C∞(M)0, since ω1 =
F + d−J (v + v¯), v ∈ Ω0,1J and
2
∫
M
f ′ψdµg =
∫
M
ψ ∧ F =
∫
M
ψ ∧ ω1 =
∫
M
d(u+ u¯) ∧ ω1 = 0.
Therefore, by (2.28),
P+g (ψ) = f
′
ψF = P
+
g (d2Gd
∗(f ′ψF )).
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Hence
ψ = d(u+ u¯) = d2Gd∗(f ′ψF ),
since P+g (ψ − d2Gd∗(f ′ψF )) = 0 and ψ − d2Gd∗(f ′ψF ) is d-exact (cf. (2.18) or [17]).
According to the construction of D˜+J , there exists a function fψ ∈ L22(M)0 such that
ψ = D˜+J (fψ) = 2dd∗G(f ′ψF ).
Remark 2.8. (1) If (M,g, J, ω) is a Ka¨hler surface, then h−J = b
+ − 1 and
D+J (f) = D˜+J (f) = 2dGd∗(f ′ω) = 2dGJ(df ′) = 2dGdcf ′ = 2ddcGf ′ = 2
√−1∂J ∂¯Jf,
where f = Gf ′. Hence, the above proposition can be viewed as a generalized ∂∂¯-lemma
and
P+g (2dGd
∗(f ′ψF )) = P
+
g (2dd
∗G(f ′ψF )) = P
+
g (2Gdd
∗(f ′ψF )) = f
′
ψF.
(2) G(f ′ψF ) ∈ Λ2R ⊗ L22(M), where f ′ψ ∈ L2(M)0.
Suppose that (M,g, J, F ) is tamed by ω1 = F + d
−
J (v + v¯), where v ∈ Ω0,1J , suppose
that [α1], · · ·, [αh−J ] is a basis of H
−
J , and [ω1], · · ·, [ωb+−h−J ] is a basis of H
+
g ∩H+J , where
0 ≤ h−J ≤ b+ − 1. Let ψ ∈ Λ1,1R ⊗ L2(M) be a real d-exact (1,1)-form, that is, there exists
uψ ∈ Ω0,1J such that ψ = d(uψ + u¯ψ), hence d−J (uψ + u¯ψ) = 0. It is clear that
ψ ∧ αj = 0, 1 ≤ j ≤ h−J .
Hence, ∫
M
ψ ∧ αj = 0, 1 ≤ j ≤ h−J , (2.29)∫
M
ψ ∧ ωi = 0, 1 ≤ i ≤ b+ − h−J . (2.30)
Thus ψ is orthogonal to the self-dual harmonic 2-forms, H+g , with respect to the cup
product. By Hodge decomposition (cf. [17]), there exist
fψ ∈ L22(M)0, η1ψ, η2ψ ∈ Λ−J ⊗ L22(M)
such that
P+g ψ = d
+
g (uψ + u¯ψ) = d
+
g d
∗(fψω1 + (η1ψ + η¯
1
ψ) + (η
2
ψ + η¯
2
ψ))
satisfying
d−J d
∗(fψω1 + (η1ψ + η¯
1
ψ) + (η
2
ψ + η¯
2
ψ)) = 0, (2.31)
and it follows that
ψ = dd∗(fψω1 + (η1ψ + η¯
1
ψ) + (η
2
ψ + η¯
2
ψ)). (2.32)
By Definition 2.5 and Proposition 2.7, we have the following lemma,
Lemma 2.9. Let (M,J) be a tamed closed almost complex 4-manifold with h−J = b
+ − 1.
Suppose that ψ ∈ Λ1,1R ⊗ L2(M) is d-exact. Then there exists fψ ∈ L22(M)0 and f ′ψ ∈
L2(M)0 such that
ψ = D˜+J (fψ) = dW˜(fψ) = 2dd∗G(f ′ψF ).
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3 The intersection pairing on weakly D˜+J -closed (1,1)-forms
In this section, we shall investigate the intersection paring on weakly D˜+J -closed (1, 1)-
forms defined below as done in Buchdahl’s paper [7]. First, we consider the following
technical lemma (compare Lemma 1 in [7] or § 3.2 in [31]):
Lemma 3.1. Suppose that (M,g, J, F ) is a closed almost Hermitian 4-manifold. Then
d+J : Λ
1
R ⊗ L21(M) −→ Λ1,1R ⊗ L2(M)
has closed range.
Proof. Let {wi} be a sequence of real 1-forms on M with coefficients in L21 such that
ψi = d
+
J wi is converging in L
2 to some ψ ∈ Λ1,1R ⊗ L2(M). Write wi = ui + u¯i for some
(0, 1)-form ui, so ψi = d
+
J (ui + u¯i) = ∂Jui + ∂¯J u¯i.
By smoothing and diagonalising, it can be assumed without loss of generality that ui
is smooth for each i. Note that
F ∧ ψi = (∧ψi)F 2/2, (3.1)
∗gψi = (∧ψi)F − ψi, (3.2)
|ψi|2dµg = (∧ψi)2F 2/2 − ψ2i , (3.3)
where ∧ : Ω1,1R −→ Ω0R is an algebraic operator in Lefschetz decomposition (cf. [31]). Using
Stokes’ Theorem, ∫
M
|ψi|2dµg =
∫
M
(∧ψi)2dµg + 2
∫
M
(∂¯Jui +AJ u¯i)
2,∫
M
dwi ∧ ∗gdwi =
∫
M
ψi ∧ ∗gψi + 2
∫
M
(∂¯Jui +AJ u¯i)
2.
So it follows that dwi = d
+
J wi + d
−
J wi is bounded in L
2. Let w˜i be the L
2-projection of
wi perpendicular to the kernel of d, so d
∗w˜i = 0 and w˜i is perpendicular to the harmonic
1-forms. Hence dw˜i = dwi and there exists a constant C such that
‖w˜i‖2L2
1
(M) ≤ C(‖dw˜i‖2L2(M) + ‖d∗w˜i‖2L2(M)) = C‖dwi‖2L2(M) < Const., (3.4)
so a subsequence of the sequence {w˜i} converges weakly in L21 to some w˜ ∈ Λ1R ⊗ L21(M).
Since d+J w˜i = d
+
J wi = ψi, it follows d
+
J w˜ = ψ, proving the claim.
We now consider the closed tamed almost Hermitian 4-manifold (M,g, J, F ). We may
assume without loss of generality that ω1 = F + d
−
J (v+ v¯), v ∈ Ω0,1J , F is the fundamental
form with∫
M
F 2 = 2, g(·, ·) = F (·, J ·),
∫
M
ω21 = 2(1 + a), 2a =
∫
M
|d−J (v + v¯)|2dµg > 0, (3.5)
where dµg is the volume form defined by g; if a = 0, then F is a J-compatible symplectic
form. It is clear that 0 ≤ h−J ≤ b+ − 1 (cf. [73]). Denote by
ω˜1 := ω1 − d(v + v¯) = F − d+J (v + v¯), (3.6)
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then ω˜1 ∈ Z+J being cohomologous to ω1,∫
M
ω˜21 =
∫
M
ω21 = 2(1 + a), (3.7)
−
∫
M
(d+J (v + v¯))
2 =
∫
M
|d−J (v + v¯)|2dµg = 2a > 0,
and ∫
M
d+J (v + v¯) ∧ F = −2a. (3.8)
Choose αj ∈ Z−J ⊂ Z+g = H+g such that∫
M
αi ∧ αj = δij , 1 ≤ j ≤ h−J .
We can find ω2, · · ·, ωb+−h−J ∈ Z
+
g \ Z−J , such that∫
M
ωj ∧ ωk = δjk, 2 ≤ j, k ≤ b+ − h−J ,∫
M
ω1 ∧ ωj = 0, 2 ≤ j ≤ b+ − h−J .
Hence H+g = Span{ω1, · · ·, ωb+−h−J , α1, · · ·, αh−J }. Let ω˜i ∈ Z
+
J be cohomologous to ωi,
1 ≤ i ≤ b+ − h−J , so ∫
M
ω˜1 ∧ F = 2(1 + a) (3.9)
and ∫
M
ω˜j ∧ F = 0, 2 ≤ j ≤ b+ − h−J . (3.10)
In Section 2, we define D+J and D˜+J : L22(M)0 −→ Λ1,1R ⊗L2(M). Analogous to Lemma
3.1, we have:
Lemma 3.2. D˜+J : L22(M)0 −→ Λ1,1R ⊗ L2(M) has closed range. If J is integrable, then
D+J = dJdf = 2
√−1∂J ∂¯Jf,
hence D+J has closed range too.
Proof. Let {fi} be a sequence of real functions on M in L22(M)0. By Definition 2.5,
{W˜(fi)} is a sequence of real 1-forms on M with coefficients in L21 such that
ψi = dW˜(fi) = D˜+J (fi) ∈ Λ1,1R ⊗ L2(M)
is converging in L2 to some ψ ∈ Λ1,1R ⊗L2(M). It is clear that d∗W˜(fi) = 0. By the proof
of Lemma 3.1, {W˜(fi)} is bounded in L21, so a subsequence of {W˜(fi)} converges weakly
in L21 to some W˜ ∈ Λ1R ⊗ L21(M). Since dW˜(fi) ∈ Λ1,1R ⊗ L2(M), it follows that
dW˜ = ψ ∈ Λ1,1R ⊗ L2(M).
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To complete the proof of Lemma 3.2, we need the following claim:
Claim (cf. Lemma 2.9): Suppose that ψ ∈ Λ1,1R ⊗ L2(M) is d-exact, that is, there is
uψ ∈ Λ0,1J ⊗ L21(M) such that ψ = d(uψ + u¯ψ). Then ψ is D˜+J -exact, that is, there exists
fψ ∈ L22(M)0 such that ψ = D˜+J (fψ).
Indeed, let A ∈ Ω1R(M), dA = d+J A+ d−J A. By (3.1)-(3.3), we have∫
M
|d+J A|2dµg =
∫
M
(∧d+J A)2dµg +
∫
M
|d−J A|2dµg,∫
M
|dA|2dµg =
∫
M
|d+J A|2dµg +
∫
M
|d−J A|2dµg.
Let A˜ be the L2-projection of A perpendicular to the kernel of d, by Hodge decomposition,
d∗A˜ = 0 and A˜ are perpendicular to the harmonic 1-forms. Hence dA˜ = dA and there
exists a constant C such that
‖A˜‖2L2 ≤ ‖A˜‖2L2
1
≤ C(‖dA˜‖2L2 + ‖d∗A˜‖2L2) ≤ Const.(dA). (3.11)
Recall the definition of W˜ (cf. Definition 2.5): f ∈ L22(M)0, η1f , η2f ∈ Λ0,2J ⊗ L22(M) such
that
W˜(f) = d∗(fω1 + (η1f + η¯1f ) + (η2f + η¯2f ))
satisfying d−J W˜(f) = 0, d∗W˜(f) = 0 and dW˜(f) = d+J W˜(f) ∈ Λ1,1R ⊗ L2(M). As done in
Appendix A.3, without loss of generality, we may assume that if A ∈ Ω1R(M), d∗A = 0
and d−J A = 0, then
(W˜(f), A) = −
∫
M
A ∧ d[fω1 + (η1f + η¯1f ) + (η2f + η¯2f )]
= −
∫
M
d(A) ∧ [fω1 + (η1f + η¯1f ) + (η2f + η¯2f )]
= −
∫
M
d+J (A) ∧ fF
= (f, W˜∗A).
Thus, the formal L2-adjoint operator of W˜ is
W˜∗A = −2F ∧ d
+
J A
F 2
= −(∧d+J A). (3.12)
By (3.11), (3.12), we have: If A ∈ Λ1R ⊗ L21(M), d∗A = 0, then
‖A‖2L2 ≤ C(‖W˜∗A‖2L2 + 2‖d−J A‖2L2) ≤ Const.(∧d+J A, d−J A). (3.13)
Now suppose that ψ ∈ Λ1,1R ⊗ L2(M) is d-exact, then there exists uψ ∈ Λ0,1J ⊗ L21(M)
such that ψ = d(uψ + u¯ψ), d
−
J (uψ + u¯ψ) = 0. By Hodge decomposition, there exists
u˜ψ ∈ Λ0,1J ⊗ L21(M) satisfying that
ψ = d(u˜ψ + ¯˜uψ), d
−
J (u˜ψ +
¯˜uψ) = 0, d
∗(u˜ψ + ¯˜uψ) = 0.
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By (3.13),
‖u˜ψ + ¯˜uψ‖L2 ≤ C‖ ∧ ψ‖L2 = C‖P+g ψ‖L2 .
Since d+g ⊕ d∗ : Λ1R → Λ1,1R ⊕ Λ0R is an elliptic system, we can solve W˜, d−J -problem (that
is similar to ∂¯-problem in classical complex analysis [40]) for closed almost Hermitian 4-
manifold (M,g, J, F ) tamed by the symplectic form ω1 (more details see Appendix A.3),
that is, there exists fψ ∈ L22(M)0 such that W˜(fψ) = u˜ψ + ¯˜uψ, P+g dW˜(fψ) = P+g ψ. Since
ψ ∈ Λ1,1R ⊗L2(M) is d-exact, it follows that dW˜(fψ) = ψ. This completes the proof of the
above Claim.
We now return to the proof of Lemma 3.2. By the above claim which is similar to
Lemma 2.9, there exists f ∈ L22(M)0 such that D˜+J (f) = dW˜(f) = ψ.
If J is integrable, after a simple calculation, we can get
D+J (f) = dJdf = 2
√−1∂J ∂¯Jf
and
2
√−1∂J ∂¯Jf ∧ F = ∆gf · F
2
2
.
So by Poincare´’s Inequality and Interpolation Inequality, we can immediately get that D+J
has closed range.
Definition 3.3. ψ ∈ Λ1,1R ⊗ L2(M) is said to be weakly D˜+J -closed if and only if for any
f ∈ L22(M)0, ∫
M
ψ ∧ D˜+J (f) = 0.
Let (Λ1,1R ⊗ L2(M))w denote the space of weakly D˜+J -closed (1, 1)-forms. It is easy to
get the following lemma since
D˜+J (f) = dW˜(f) ∈ Λ1,1R ⊗ L2(M).
Lemma 3.4. F , d+J (u+ u¯) where u ∈ Λ0,1J ⊗ L21(M) are weakly D˜+J -closed.
Proof. Notice that ∫
M
F ∧ D˜+J (f) =
∫
M
ω1 ∧ D˜+J (f) = 0,
and ∫
M
d+J (u+ u¯) ∧ D˜+J (f) =
∫
M
d(u+ u¯) ∧ D˜+J (f) = 0.
Remark 3.5. If J is integrable, then ∂2J = 0 = ∂¯
2
J , ∂J ∂¯J + ∂¯J∂J = 0. Hence d
+
J (u+ u¯) is
also weakly ∂J ∂¯J -closed. Since ω˜1 = F − d+J (v + v¯) is a smooth d-closed (1, 1)-form, ω˜1 is
also ∂J ∂¯J -closed, hence, F is weakly ∂J ∂¯J -closed. Thus, the notation of weakly D˜+J -closed
is a generalization of the notation of weakly ∂J ∂¯J -closed defined in [7] (also see [34]).
Definition 3.6. (Λ1,1R ⊗ L2(M))0w := {cF + ψ | c ∈ R, ψ ∈ (Λ1,1R ⊗ L2(M))w
satisfies P+g (ψ) ⊥ H+g with respect to the integration}
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It is clear that (Λ1,1R ⊗ L2(M))0w ⊂ (Λ1,1R ⊗ L2(M))w, since F ∈ (Λ1,1R ⊗ L2(M))w. Let
ψ ∈ (Λ1,1R ⊗ L2(M))0w and set
cψ =
1
2
∫
M
ψ ∧ F.
Since ψ ∈ (Λ1,1R ⊗ L2(M))0w and
Λ+g = R · F ⊕ Λ−J , Λ+J = R · F ⊕ Λ−g
we can get that P+g (ψ− cψF ) is orthogonal to H+g (M) with respect to the integration. By
Hodge decomposition, there exists fψ ∈ L22(M)0 such that
P+g (ψ − cψF ) = P+g (D˜+J (fψ)) (3.14)
holds in Λ1,1R ⊗L2(M). If ψ is smooth, then fψ is also smooth. By (3.14), we will find that
ψ − cψF − D˜+J (fψ) = P−g (ψ − cψF − D˜+J (fψ)) ∈ Λ−g ⊗ L2(M)
since P+g (ψ − cψF − D˜+J (fψ)) = 0. By Hodge decomposition again, we have the following
decomposition
ψ − cψF − D˜+J (fψ) = βψ + d−g (γψ)
where βψ ∈ H−g (M), γψ ∈ Λ1R ⊗ L21(M). Hence,
ψ = cψF + βψ + d
−
g (γψ) + D˜+J (fψ).
It is easy to see that d−g (γψ) ∈ (Λ1,1R ⊗L2(M))0w, since ψ, F , βψ, D˜+J (fψ) ∈ (Λ1,1R ⊗L2(M))0w.
Let
ψ′ = ψ − d−g (γψ) = cψF + βψ + D˜+J (fψ).
ψ′ is also in (Λ1,1R ⊗ L2(M))0w. If ψ is smooth, both ψ′ and fψ are smooth. Then, we have
the following equation
F ∧ (ψ′ − cψF − D˜+J (fψ)) = 0. (3.15)
If ψ is not smooth, in Λ1,1R ⊗ L2(M), we still have
ψ = cψF + βψ + d
−
g (γψ) + D˜+J (fψ),
where βψ ∈ H−g (M), cψ is a constant, fψ ∈ L22(M)0, γψ ∈ Λ1R ⊗ L21(M), and d−g (γψ) ∈
(Λ1,1R ⊗ L2(M))0w. Let ψ′ = cψF + βψ + D˜+J (fψ), then ψ = ψ′ + d−g (γψ). Since d−g (γψ) ∈
(Λ1,1R ⊗ L2(M))0w, it is easy to see that∫
M
ψ′ ∧ d−g (γψ) = 0
and ∫
M
ψ2 =
∫
M
(ψ′ + d−g (γψ))
2
=
∫
M
ψ′2 − ‖d−g (γψ)‖2L2(M).
Also, we can find a smooth sequence of {fψ,j} ⊂ C∞(M)0 such that
ψ′j = cψF + βψ + D˜+J (fψ,j)
is converging to ψ′ in L2(M). By the above statement, we get the following lemma,
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Lemma 3.7. If ψ ∈ (Λ1,1R ⊗ L2(M))0w, then ψ could be written as
ψ = cF + βψ + D˜+J (fψ) + d−g (γψ),
where fψ ∈ L22(M)0, βψ ∈ H−g (M), d−g (γψ) ∈ (Λ1,1R ⊗L2(M))0w, γψ ∈ Λ1R⊗L21(M) and c is
a constant. Denote ψ − d−g (γψ) by ψ′. Then∫
M
ψ2 =
∫
M
ψ′2 − ‖d−g (γψ)‖2L2(M),
and there is a smooth sequence of {fψ,j} ⊂ C∞(M)0 such that
ψ′j = cF + βψ + D˜+J (fψ,j)
is converging to ψ′ in L2.
It is similar to the argument of Buchdahl in [7], we need the following lemmas and
propositions,
Lemma 3.8. (cf. Lemma 4 in [7]) If ψ ∈ (Λ1,1R ⊗ L2(M))0w, then
(
∫
M
F ∧ ψ)2 ≥ (
∫
M
F 2)(
∫
M
ψ2)
with equality if and only if ψ = cF + D˜+J (f) for some constant c and some f ∈ L22(M)0.
Proof. Let
c =
1
2
∫
M
F ∧ ψ.
By Lemma 3.7, we can get
ψ = ψ′ + d−g (γψ)
= cF + βψ + D˜+J (fψ) + d−g (γψ),
where fψ ∈ L22(M)0, βψ ∈ H−g (M), d−g (γψ) ∈ (Λ1,1R ⊗ L2(M))0w and γψ ∈ Λ1R ⊗ L21(M).
Then
P+g (ψ
′ − cF − D˜+J (fψ)) = 0.
If ψ′ is smooth, there is a smooth solution fψ to the equation
F ∧ (ψ′ − cF − D˜+J (fψ)) = 0.
Hence,
‖ψ′ − cF − D˜+J (fψ)‖2L2(M) = −
∫
M
(ψ′ − cF − D˜+J (fψ))2
= −
∫
M
(ψ′)2 + 2c
∫
M
F ∧ ψ′ − 2c2
= −
∫
M
(ψ′)2 + 2c2
= −
∫
M
(ψ′)2 + (
∫
M
F ∧ ψ′)2/(
∫
M
F 2).
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Since
‖ψ′ − cF − D˜+J (fψ)‖2L2(M) ≥ 0,
we can easily get
(
∫
M
F ∧ ψ′)2 ≥ (
∫
M
F 2)
∫
M
(ψ′)2.
If ψ′ is not smooth, the inequality follows from smooth case after approximating ψ′ by
using Lemma 3.7. Hence
(
∫
M
F ∧ ψ)2 = (
∫
M
F ∧ ψ′)2 ≥ (
∫
M
F 2)
∫
M
(ψ′)2 ≥ (
∫
M
F 2)(
∫
M
ψ2).
Suppose
(
∫
M
F ∧ ψ)2 = (
∫
M
F 2)(
∫
M
ψ2).
By Lemma 3.7, ∫
M
ψ2 =
∫
M
(ψ′)2 − ‖d−g (γψ)‖2
and
(
∫
M
F ∧ ψ)2 = (
∫
M
F ∧ ψ′)2
≥ (
∫
M
F 2)
∫
M
(ψ′)2
≥ (
∫
M
F 2)(
∫
M
ψ2),
which implies that
d−g (γψ) = 0, (
∫
M
F ∧ ψ′)2 = (
∫
M
F 2)
∫
M
(ψ′)2 and ψ = ψ′. (3.16)
By
(
∫
M
F ∧ ψ′)2 = (
∫
M
F 2)
∫
M
(ψ′)2,
we have 4c2 = 4c2−2‖βψ‖2L2(M), which implies that βψ = 0. Hence, ψ = cF +D˜+J (fψ).
By Lemma 3.7, we have the following proposition.
Proposition 3.9. Let ψ1, ψ2 ∈ (Λ1,1R ⊗ L2(M))0w and satisfy∫
M
ψ2j ≥ 0 and
∫
M
F ∧ ψj ≥ 0
for j = 1, 2. Then ∫
M
ψ1 ∧ ψ2 ≥ (
∫
M
ψ21)
1
2 (
∫
M
ψ22)
1
2 ,
with equality if and only if ψ1 and ψ2 are linearly dependent modulo the image of D˜+J .
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Proof. It can be assumed that
aj =
1
2
∫
M
F ∧ ψj
are strictly positive for j = 1, 2 else ψj are D˜+J -exact for j = 1, 2. Indeed, if aj = 0 for
j = 1, 2, then by Lemma 3.7, we have
ψj = ψ
′
j + d
−
g (γψj )
= βψj + D˜+J (fψj ) + d−g (γψj ),
where fψj ∈ L22(M)0, βψj ∈ H−g (M), d−g (γψj ) ∈ (Λ1,1R ⊗L2(M))0w and γψj ∈ Λ1R⊗L21(M) for
j = 1, 2. Hence ψ′j − D˜+J (fψj ) = βψj are anti-self-dual smooth harmonic 2-forms, j = 1, 2.
Then, by Lemma 3.7,
0 ≥ −‖ψ′j − D˜+J (fψj )‖2L2(M)
=
∫
M
(ψ′j − D˜+J (fψj ))2
=
∫
M
(ψ′j)
2
=
∫
M
ψ2j + ‖d−g (γψj )‖2L2(M) ≥ 0,
and it follows that d−g (γψj ) = 0, βψj = 0 and ψj = ψ
′
j = D˜+J (fψj) for j = 1, 2.
To prove the inequality, after replacing ψj by ψj + εF and taking the limit as ε → 0,
it can be assumed that ∫
M
ψ2j > 0
and
aj =
1
2
∫
M
F ∧ ψj > 0
for j = 1, 2. By Lemma 3.7, we have the following decompositions
ψj = ajF + βψj + D˜+J (fψj ) + d−g (γψj ), (3.17)
where
fψj ∈ L22(M)0, βψj ∈ H−g (M), d−g (γψj ) ∈ (Λ1,1R ⊗ L2(M))0w,
and γψj ∈ Λ1R ⊗ L21(M) for j = 1, 2.
By (3.17), we have
a2ψ1 − a1ψ2 = a2βψ1 − a1βψ2 + D˜+J (a2fψ1 − a1fψ2) + d−g (a2γψ1 − a1γψ2). (3.18)
It follows that
a2ψ1 − a1ψ2 − D˜+J (a2fψ1 − a1fψ2) = (a2βψ1 − a1βψ2) + d−g (a2γψ1 − a1γψ2)
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is an anti-self-dual 2-form. So
0 ≥ −‖a2βψ1 − a1βψ2‖2L2(M) − ‖d−g (a2γψ1 − a1γψ2)‖2L2(M)
=
∫
M
(a2ψ1 − a1ψ2 − D˜+J (a2fψ1 − a1fψ2))2
=
∫
M
(a2ψ1 − a1ψ2)2
= a22
∫
M
ψ21 + a
2
1
∫
M
ψ22 − 2a1a2
∫
M
ψ1 ∧ ψ2
≥ 2a1a2(
∫
M
ψ21)
1
2 (
∫
M
ψ22)
1
2 − 2a1a2
∫
M
ψ1 ∧ ψ2,
giving the desired inequality∫
M
ψ1 ∧ ψ2 ≥ (
∫
M
ψ21)
1
2 (
∫
M
ψ22)
1
2 .
If ∫
M
ψ1 ∧ ψ2 = (
∫
M
ψ21)
1
2 (
∫
M
ψ22)
1
2 , (3.19)
we obtain that a2βψ1 − a1βψ2 = 0 and d−g (a2γψ1 − a1γψ2) = 0. Hence, by (3.18), we get
a2ψ1 − a1ψ2 = D˜+J (a2fψ1 − a1fψ2).
This completes the proof of Proposition 3.9.
It is easy to see the following corollary,
Corollary 3.10. If ψ ∈ (Λ1,1R ⊗ L2(M))0w and satisfies∫
M
ψ2 > 0 and
∫
M
ψ ∧ F > 0,
then ∫
M
ψ ∧ ϕ > 0
for any other such form ϕ ∈ (Λ1,1R ⊗ L2(M))0w satisfying∫
M
ϕ2 ≥ 0 and
∫
M
ϕ ∧ F > 0.
In order to get the desired key lemma (Lemma 3.12), we need the following technical
lemma,
Lemma 3.11. If h−J = b
+ − 1, then
(Λ1,1R ⊗ L2(M))0w = (Λ1,1R ⊗ L2(M))w.
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Proof. It is clear that (Λ1,1R ⊗L2(M))0w ⊂ (Λ1,1R ⊗L2(M))w. For any ϕ ∈ (Λ1,1R ⊗L2(M))w,
set
c =
1
2
∫
M
F ∧ ϕ
and let ϕ˜ = ϕ− cF . Then we will find that∫
M
ϕ˜ ∧ ω1 =
∫
M
ϕ˜ ∧ F = 0.
Thus, P+g (ϕ˜)⊥H+g since h−J = b+ − 1, that is,
H+g = Span{ω1, α1, · · ·, αh−J }.
ϕ = cF + ϕ˜ ∈ (Λ1,1R ⊗ L2(M))0w. Hence (Λ1,1R ⊗ L2(M))0w = (Λ1,1R ⊗ L2(M))w.
With Corollary 3.10 and Lemma 3.11, as done in the proof of Lemma 7 in [7], we can
get the following key lemma,
Lemma 3.12. (Compare Lemma 7 in [7]) Let (M,J) be a closed tamed almost complex
4-manifold with h−J = b
+ − 1. Suppose ϕ ∈ (Λ1,1R ⊗ L2(M))w and satisfies∫
M
ϕ ∧ F ≥ 0 and
∫
M
ϕ2 ≥ 0.
For each ε > 0 there is a positive (1, 1)-form pε and a function fε such that
‖ϕ+ D˜+J (fε)− pε‖L2(M) < ε.
Moreover, pε and fε can be assumed to be smooth.
Proof. Since h−J = b
+ − 1, by Lemma 3.11, we can get ϕ ∈ (Λ1,1R ⊗ L2(M))0w. If∫
M
ϕ ∧ F = 0,
by Lemma 3.7, it follows that
ϕ = βϕ + D˜+J (fϕ) + d−g (γϕ). (3.20)
Then
0 ≥ −‖βϕ‖2L2(M) − ‖d−g (γϕ)‖2L2(M) =
∫
M
(ϕ− D˜+J (fϕ))2 =
∫
M
ϕ2 ≥ 0,
and we can get ϕ = D˜+J (fϕ), that is, ϕ is D˜+J exact. In this case the result follows from
the denseness of the smooth functions in L22(M)0.
We may assume without loss of generality that∫
M
ϕ ∧ F > 0.
After rescaling ϕ if necessary, it can be supposed that∫
M
ϕ ∧ F = 1.
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Let
P := {p ∈ Λ1,1R ⊗ L2(M) | p ≥ 0, a.e.,
∫
M
p ∧ F = 1}; (3.21)
Pε := {ρ ∈ Λ1,1R ⊗ L2(M) | ‖ρ− p‖L2(M) < ε for some p ∈ P}; (3.22)
Hϕ := {ϕ+ D˜+J (f) | f ∈ L2(M)0}. (3.23)
Then Pε is an open convex subset of the Hilbert space H := Λ1,1R ⊗ L2(M), and Hϕ is
a closed convex subset since D˜+J has closed range by Lemma 3.2. If Pε ∩ Hϕ = ∅, the
Hahn-Banach Theorem implies that there exists φ ∈ H and a constant c ∈ R such that∫
M
φ ∧ h ≤ c,
∫
M
φ ∧ p > c, (3.24)
for every h ∈ Hϕ, and every p ∈ Pε (Compare Proof of Theorem I.7 in D. Sullivan [71]
and Proof of Lemma 7 in N. Buchdahl [7]).
In terms of (3.23) and (3.24), there exists a fφ ∈ L22(M)0 such that hφ = ϕ + D˜+J (fφ)
and ∫
M
φ ∧ hφ = c,
since Hϕ is a closed space. Since h ∈ Hϕ, it follows that h − hφ is in the image of D˜+J .
Hence, ∫
M
φ ∧ (h− hφ) ≤ 0,
∫
M
φ ∧ (hφ − h) ≥ 0. (3.25)
It follows immediately that φ is weakly D˜+J -closed, that is,∫
M
φ ∧ D˜+J (f) = 0
for any f ∈ L22(M)0. By Lemma 3.11, φ ∈ (Λ1,1R ⊗ L2(M))0w since h−J = b+ − 1.
Let
φ0 := φ− cF ∈ (Λ1,1R ⊗ L2(M))0w,
then by (3.21) and (3.24), we have∫
M
φ0 ∧ ϕ ≤ c− c = 0 (3.26)
and ∫
M
φ0 ∧ p0 > 0 (3.27)
for any p0 ∈ P. So φ0 is strictly positive almost everywhere. Hence∫
M
φ20 > 0 and
∫
M
φ0 ∧ F > 0.
It follows from Corollary 3.10 that ∫
M
φ0 ∧ ϕ > 0,
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giving a contradiction (see (3.26)). Therefore Pε ∩ Hϕ can not be empty proving the
existence of pε and fε. The last statement of the lemma follows from denseness of the
smooth positive (1, 1)-forms in the L2-positive (1, 1)-forms and of the smooth functions in
L22(M)0. This completes the proof of Lemma 3.12.
In next section, we will devote to proving main theorem, i.e. Theorem 1.1. The proof
of Theorem 1.1 follows mainly Buchdahl’s unified proof of the Kodaira conjecture.
4 The tamed almost complex 4-manifolds with h−J = b
+ − 1
This section is devoted to proving Theorem 1.1 which follows mainly Buchdahl’s unified
proof of Kodaira conjecture.. Throughout this section, we assume that (M,J) is a closed
tamed almost complex 4-manifold with h−J = b
+ − 1. Without loss of generality, we may
assume that J is tamed by a symplectic form ω1 = F+d
−
J (v+ v¯), where F is a fundamental
2-form,
F 2 > 0,
∫
M
F 2 = 2,
∫
M
d−J (v + v¯) ∧ d−J (v + v¯) = 2a > 0, v ∈ Ω0,1J .
Set g(·, ·) = F (·, J ·) that is an almost Hermitian metric on (M,J). Denote by dµg the
volume form defined by g. Set ω˜1 = ω1 − d(v + v¯) = F − d+J (v + v¯) ∈ Z+J ,∫
M
ω21 = 2(1 + a) =
∫
M
ω˜21. (4.1)
It is easy to see that ∫
M
d+J (v + v¯) ∧ d+J (v + v¯) = −2a, (4.2)∫
M
F ∧ d+J (v + v¯) = −2a. (4.3)
From Section 3, we know that ω˜1 is in Z+J and cohomologous to ω1 satisfying∫
M
ω˜21 = 2(1 + a),
∫
M
ω˜1 ∧ F = 2(1 + a).
By Lemma 3.11, since h−J = b
+ − 1, we have that ω˜1 ∈ (Λ1,1R ⊗ L2(M))0w. Let φ =
ω˜1 − (1 + a)F , it is easy to see that∫
M
P+g (φ) ∧ ω1 =
∫
M
φ ∧ ω1 = 0.
Hence P+g (φ) is orthogonal to H+g (M) with respect to the integration since h−J = b+ − 1.
Moreover, note that both F and ω˜1 are weakly D˜+J -closed, so φ is weakly D˜+J -closed.
For
0 < t0 = 1 + a−
√
(1 + a)2 − (1 + a) = (1 +
√
a
1 + a
)−1 < 1,
the smooth (1, 1)-form
ϕ = ω˜1 − t0F = (
√
a(1 + a)− a)F − d+J (v + v¯)
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is still in (Λ1,1R ⊗ L2(M))0w.∫
M
ϕ2 = 2(
√
a(1 + a)− a)2 + 4(
√
a(1 + a)− a)a− 2a
= 2a(1 + a)− 4a
√
a(1 + a) + 2a2 + 4a
√
a(1 + a)− 4a2 − 2a
= 0,
∫
M
F ∧ ϕ = 2(
√
a(1 + a)− a) + 2a
= 2
√
a(1 + a) > 0.
By Lemma 3.12, for each m ∈ N there is a smooth positive (1, 1)-form pm and a smooth
function fm ∈ C∞(M)0 such that
‖ϕ+ D˜+J (fm)− pm‖L2 <
1
m
.
Since ∫
M
pm ∧ F = −
∫
M
(ϕ+ D˜+J (fm)− pm) ∧ F +
∫
M
(ϕ+ D˜+J (fm)) ∧ F
= −
∫
M
(ϕ+ D˜+J (fm)− pm) ∧ F +
∫
M
ϕ ∧ F
= −
∫
M
(ϕ+ D˜+J (fm)− pm) ∧ F + 2
√
a(1 + a)
and
| −
∫
M
(ϕ+ D˜+J (fm)− pm) ∧ F | ≤ ‖ϕ+ D˜+J (fm)− pm‖L2‖F‖L2 <
√
2
m
, (4.4)
the integral ∫
M
pm ∧ F
is converging to 2
√
a(1 + a) > 0 and by Lemma 2.9 and Lemma 3.1, the positive functions
(∧pm) 12 are uniformly bounded in L2, where ∧ : Ω1,1R −→ Ω0R is an algebraic operator in
Lefschetz decomposition (cf. [31]). So a subsequence can be found converging weakly in
L2. The forms pm/(∧pm) are bounded in L∞, so subsequence of these forms can also
be found converging weakly in L4. The sequence {D˜+J (fm)} = {dW˜(fm)} is uniformly
bounded in L1. The uniform L1 bound on D˜+J (fm) does not imply an L2 bound on fm, it
really needed to find a subsequence converge in the sense of currents. Hence, we have the
following claim.
Claim 4.1. Given any s < 43 and t < 2, there is a subsequence of {fm} that converges
weakly in Ls1, and strongly in L
t to a limiting function f0.
Proof. If J is integrable, D+J =
√−1∂J ∂¯J . Xiaowei Xu [81] pointed out that the uniform L1
bound on
√−1∂J ∂¯J(fm) does not imply an L2 bound on fm. It means that in Buchdahl [7,
p.296] there exists a gap. Buchdahl gave a new argument (cf. X. Xu [81]). In the follows,
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we will give a proof of the above claim which follows the argument of N. Buchdahl (cf. X.
Xu [81]).
Since h−J = b
+ − 1, J is tamed by ω1 = F + d−J (v + v¯), by Proposition 2.7,
D˜+J (fm) = dW˜(fm) = 2dd∗G(f ′mF ) = 2dGd∗(f ′mF )
and
P+g D˜+J (fm) = 2P+g dd∗G(f ′mF ) = ∆gG(f ′mF ) = f ′mF,
where f ′m ∈ L2(M)0 and G is the Green operator associated to ∆g (cf. [49]). First, take
any real number t′ > 2 and let h be any function in Lt
′
(M)0, that is,∫
M
hdµg = 0
and h ∈ Lt′(M), so
hF 2 = 2P+g dd
∗G(f ′mF ) ∧ F = ∆gG(f ′mF ) ∧ F
and G(hF ) ∈ Lt′2 . This is standard linear elliptic theory. By the Sobolev embedding
theorem, the fact t′ > 2 implies that Lt
′
2 is compactly embedded in C
0, so there is a
uniform C0 bound on G(hF ) in terms of its Lt
′
2 norm, and that in turn is uniformly
bounded by a constant times the Lt
′
norm of 2dd∗G(hF ) by ellipticity and the fact that
hF has been chosen to orthogonal to the kernal in L2. So the sup norm of G(hF ) is
bounded by a fixed constant times the Lt
′
norm of h. Then∫
M
f ′mhF
2 =
∫
M
f ′mF ∧ hF
=
∫
M
f ′mF ∧∆gG(hF )
=
∫
M
∆gG(f
′
mF ) ∧ hF
=
∫
M
2dGd∗(f ′mF ) ∧ hF
=
∫
M
D˜+J (fm) ∧ hF.
Since pm is uniformly bounded in L
1 and ϕ + D˜+J (fm) − pm is converging to 0 in L2, it
follows that D˜+J (fm) is uniformly bounded in L1. Therefore
|
∫
M
f ′mhF
2| ≤ Const.‖h‖Lt′ ,
which shows that the sequence {f ′m} (resp. {fm}) is weakly bounded in Lt, where 1t + 1t′ =
1. Since it is weakly bounded, it is bounded, and therefore we can find a subsequence
converging weakly in Lt. We now have to do the same thing with the first derivatives.
Recall that
W˜(h) = 2Gd∗(hF ), D˜+J (h) = dW˜(h) = 2dGd∗(hF ).
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Since ∫
M
D˜+J (h) ∧ fmω1 =
∫
M
dW˜(h) ∧ fmω1
= −
∫
M
W˜(h) ∧ dfm ∧ ω1.
As done in Lemma 3.2, we can prove that W˜(h) has closed range. This time we take any
W˜(h) that lies in Ls′ where s′ > 4. Then, following the same reason as above, we get
{dfm} uniformly bounded in Ls for 1s + 1s′ = 1 and therefore {dfm} strongly bounded in
Ls. We can then use the compactness part of the Sobolev embedding theorem to pick out
a subsequence that converges strongly in Lq, where q < 2. This completes the proof of the
claim.
By Claim 4.1, the subsequence of positive (1, 1)-forms {pm} in the sense of currents to
define a positive (1, 1)- current p = ϕ + D˜+J (f0), f0 ∈ Lq2(M)0 for some fixed q ∈ (1, 2).
Note that since ∧p ∈ L1 and p/(∧p) ∈ Λ1,1R ⊗ L∞, the current
P = p+ t0F = ω˜1 + D˜+J (f0)
is a closed (1, 1)-current which lies in L1 satisfying P ≥ t0F . Thus, P is called an al-
most Ka¨hler current (cf. [12, 35–37, 59, 63, 64, 71, 76]). In summary, we have the following
proposition:
Proposition 4.2. (see Theorem 11 in [7] and Lemma 1.7 in [71]) Suppose that (M,J) is
a closed almost complex 4-manifold with h−J = b
+− 1 which is tamed by a symplectic form
ω1. As defined the above,
P = p+ t0F = ω˜1 + D˜+J (f0)
is a closed positive almost complex (1,1)-current in L1 (almost Ka¨hler current) and satisfies
P ≥ t0F , where f0 ∈ Lq2(M)0 for some fixed q ∈ (1, 2) and
0 < t0 = (1 +
√
a
1 + a
)−1 < 1.
P is homologous to ω˜1 in the sense of current.
Remark 4.3. (1)If J is integrable, which is tamed by ω1, then h
−
J = b
+ − 1 since ω1 ∈
H+g (M). By the Dolbeault decomposition (cf. Remark 2.2, or [3,18]), it is easy to see that
b1 = even. On the other hand, for any compact complex surface, if b1 = even, then there
exists a symplectic from ω by which the integrable complex structure J is tamed. Therefore,
for any compact complex surface, b1 = even if and only if there exists a symplectic form ω
by which the integrable complex structure J is tamed. Hence Theorem 1.1 is an affirmative
answer to the Kodiria conjecture. The key ingredients in the unified proof of the Kodaira
conjecture by N. Buchdahl in [7] are Theorem 11 in [7] (i.e., Proposition 4.2), Y.-T. Siu’s
theorem [70] on the analyticity of the sets associated with the Lelong numbers of closed
positive currents, and J.-P. Demailly’s result [12] on the smoothing of closed positive (1,1)-
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(2)Taubes studies Donaldson’s “tamed to compatible” question in [76]. He constructs
an almost Ka¨hler form in the class [ω] for a generic almost complex structure tamed by
a symplectic form ω on a 4-manifold M with b+ = 1. To construct the almost Ka¨hler
form, Taubes’ strategy is first to construct a closed positive (1, 1) current ΦK in class [ω]
by irreducible J-holomorphic subvarieties. This special current satisfies
K−1t4 < ΦK(
√−1fBσ ∧ σ) < Kt4,
where K > 1 is a constant, B is a ball of radius t, σ denotes a unit length section of
Λ1,0M |B and fB denotes the characteristic function of B (cf. Proposition 1.3 in [76]). To
obtain a genuine almost Ka¨hler form, Taubes smooths currents by a compact supported,
closed 4-form on TM which represents the Thom class in the compactly supported coho-
mology of TM (cf. §1.6 of [4]).
M. Lejmi [54] shows that any almost complex manifold (M,J) of dimension 4 has the
local symplectic property, i.e. ∀p ∈M , there is a local symplectic form ωp = dτp compatible
with J on a neighborhood, Up, of p, where τp ∈ Ω1R|Up . Note that as a trivial example, any
complex manifold has the local symplectic property, hence almost complex manifolds with
the local symplectic property can be regarded as a generalization of complex manifold. On
the other hand, R. Bryant, M. Lejmi [5, 6, 54] showed that the almost complex structure
underlying a non-Ka¨hler, nearly Ka¨hler 6-manifold ( in particular, the standard almost
complex structure of S6) can not be compatible with any symplectic form, even locally.
Recall that for any closed positive (1, 1)-current on an analytic variety, one can define
Lelong number (cf. [13,31,45]). By using locally symplectic form ωp, we will define Lelong
number for any closed positive almost complex (1,1)-current on an almost Hermitian 4-
manifold (M,g, J, F ) in Appendix B.1 (cf. [15, 24,35–37,59,64,83]).
In the remainder of this section, we will devote to proving our main theorem (Theorem
1.1). To prove Theorem 1.1, we will study strictly J-plurisubharmonic functions, closed
strictly positive (1, 1)-current D˜+J (f), Lelong numbers, the decomposition theorem and
the regularization of almost Ka¨hler currents in appendices A, B, C. With the results in
appendices, we now prove Theorem 1.1 by the similar method in [7], in particular, by using
Proposition 4.2.
Proof of Theorem 1.1: By Proposition 4.2, we have a positive d-closed almost
complex (1, 1)-current
P = p+ t0F = ω˜1 + D˜+J (f0) ≥ t0F (4.5)
on (M,g, J, F ) which is tamed by the symplectic form ω1, it follows that P is an almost
Ka¨hler current and SuppP = M . To complete the proof of Theorem 1.1, by using the
almost Ka¨hler current P we will construct an almost Ka¨hler form. Let ν1(x, P ) denote
the Lelong number of P at x defined as follows: If x ∈ supp P , we define
ν1(x, ω1, r, P ) =
∫
B(x,r)
P ∧ ω1,
where B(x, r) := {y ∈M |ρg(x, y) ≤ r}, ρg(x, y) is the geodesic distance of points x, y with
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respect to the almost Ka¨hler metric g. And
ν1(x, P ) = lim
r→0
r−2ν1(x, ω1, r, P ).
For more details, see Definition B.13 in Appendix B.1. For c > 0, the upperlevel set
Ec(P ) := {x ∈M | ν1(x, P ) ≥ c} (4.6)
is a J-analytic subset (cf. Appendix B.1 or [24, Definition 2] for the definition) of M
of dimension (complex) ≤ 1 by the decomposition theorem (will be proven in Appendix
B.2, see Theorem B.21 and Remark B.22) which is analogous to Siu’s Decomposition
Formula [70].
By F. Elkhadhra’s result (see Theorem 2 in [24] or Lemma B.9 in Appendix B.1), if D
is an irreducible J-holomorphic curve in Ec(P ),
ν0 := inf{ν1(x, P ) |x ∈ D}, ν1(x, P ) = ν0
for almost all x ∈ D. If D1, · · ·,Dn are the irreducible J-holomorphic curves in Ec(P ) and
νi := inf{ν1(x, P ) |x ∈ Di},
the d-closed (1, 1)-current
T = P − ΣνiTDi (4.7)
is positive and the c-upperlevel set Ec(T ) of this current are isolated singular points by
Theorem B.21 and Remark B.22 in Appendix B.2 as in classical complex analysis. Here
TDi are the currents of integration on Di.
As done in [7], it is always possible to approximate the closed positive current T by
smooth real currents admitting a small negative part and that this negative part can
be estimated in terms of the Lelong numbers of T and the geometry of (M,g, J, F ) (cf.
Theorem C.12 and Remark C.13 in Appendix C.4). Fix a number K ≥ 0 such that the
(1,1) curvature form, R∇1 , of the second canonical connection ∇1 with respect to the
metric g (cf. [28]) on TM satisfies R∇
1 ≥ −KF ⊗ IdTM and let c > 0 be such that
t0 − cK > 0, where R∇1 = Rjikl¯θk ∧ θ¯l, 1 ≤ i, j, k, l ≤ 2, and {θ1, θ2} is a coframe for Λ
1,0
J
(see [77] or Appendix C.1). Since the approximation theorem is locally proved, we can
consider J-pseudoconvex domain. Notice that (M,g, J, F ) is a closed ω1-tamed almost
Hermitian 4-manifold which has the local symplectic property [54], hence for ∀x ∈ M ,
there is a neighborhood Ux of x and a J-compatible symplectic form ωx on Ux such that
ωx|x = F |x, F |Ux = fxωx|Ux ,
where fx ∈ C∞(Ux), fx(x) = 1. Fix a point y ∈ Ux. We may assume that r is small
enough such that B(y, r) ⊂ Ux. On symplectic 4-manifold (Ux, ωx), we can define Lelong
number for closed positive (1, 1)-current on (Ux, ωx)
ν2(y, ωx, r, T ) =
2
r2
∫
B(y,r)
T ∧ ωx
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and
ν2(y, x, T ) = lim
r→0
ν2(y, ωx, r, T ).
Also we may assumed that Ux is very samll and a strictly J-pseudoconvex domain, hence
we can solve W˜, d−J -problem on Ux (similar to ∂¯-problem in classical complex analysis [40]).
More details, see Appendix A.3. Thus, there exists a strictly J-plurisubharmonic function
f ′0 on Ux such that
D˜+J (f0) = D˜+J (f ′0),
where D˜+J (f0) is defined in the equality (4.5), the solution f ′0 satisfies the above equa-
tion with respect to the metric gx(·, ·) = ωx(·, J ·). By Remark 2.6, D˜+J (f ′0) = D+J (f ′0)
since (Ux, gx, J, ωx) is an almost Ka¨hler 4-manifold. By Theorem B.15 in Appendix B.1,
ν1(y, T ) = fx(y)ν2(y, x, T ), ∀y ∈ supT ∩ Ux.
As done in classical complex analysis, using the regularization of almost Ka¨hler currents
(For more details, we refer to Appendix C.3, C.4. Notice that Theorem C.12 in Appendix
C.4 still holds for D˜+J (f0) since the approximation theorem is locally proved, see Remark
C.13 in Appendix C.4.), there is a 1-parameter family Tc,ε of d-closed positive (1, 1)-
currents in the same homology class as T = P − ΣνiTDi in the sense of currents which
weakly converges to T as ε→ 0+, with Tc,ε smooth off Ec(T )
Tc,ε ≥ (t0 −min{λε, c}K − δε)F
for some continuous functions λε on M and constants δε satisfying λε(x) ց ν1(x, T ) for
each x ∈M and δε ց 0 (see Buchdahl [7, P.296] or Appendix C). Moreover, ν1(x, Tc,ε) =
(ν1(x, T ) − c)+ at each point x. For ε sufficiently small therefore, Tc,ε ≥ t1F for some
t1 > 0, where t1 can be chosen arbitrarily close to t0 if c and ε are small enough (see
Buchdahl [7, P.296] or Appendix C).
The current Tc,ε is smooth off the zero-dimensional singular set Ec(T ), that is, off
a finite set of points since M is compact. More details, see Appendix B. Without loss
of generality, we may assume that Ec(T ) = {p0}. There is a neighbourhood, Up0 , of p0
and a locally symplectic form ωp0 = dτp0 on Up0 that is compatible with J |Up0 , where
τp0 ∈ Ω1R|Up0 . Without loss of generality, we may assume that Up0 is ωp0-convex which
is also called J-pseudoconvex (for the definition of J-pseudoconvex we refer to Appendix
A.1, and for more details, please see [22,33,63]). Moreover, we assume that Up0 is a strictly
J-pseudoconvex domain in the almost complex 4-manifold (R4, J) (also see Appendix A.3).
By Lemma A.11 (which solves W˜, d−J -problem), there exists a strictly J-plurisubharmonic
function f such that Tc,ε = dW˜(f) = D˜+J (f) since Tc,ε|Up0 is a closed positive (1, 1)-current.
Also we have the following estimate (see Theorem A.31 in Appendix A.3):
‖f‖L2(Up0 ,ϕ) ≤
1√
c
‖W˜(f)‖L2(Up0 ,ϕ), (4.8)
where ϕ is a strictly J-plurisubharmonic function satisfying∑
i,j
(∂Ji ∂¯Jjϕ)ξ
iξ¯j ≥ c
∑
i
|ξi|2,
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ξ ∈ C2. Note that when Up0 is very small, we can choose ϕ = |z|2 = |z1|2 + |z2|2,
(z1, z2) ∈ C2 which is the Darboux coordinate chart on (Up0 , ωp0) (see Proposition 6.4
in [37]). Using a standard modifying function as in [30, p.147], f can be smoothed in
a neighbourhood of p0 to a family ft of smooth strictly J-plurisubharmonic functions
converging to f .
Recently, F.R. Harvey, H.B. Lawson JR. and S. Pli´s got a result in [38] (see Theorem
4.1 in [38] or Proposition A.10): Suppose (X,J) is an almost complex manifold which
is J-pseudoconvex, and let f be a J-plurisubharmonic function on (X,J). Then there
exists a decreasing sequence fj of smooth strictly J-plurisubharmonic functions point-wise
decreasing down to f .
On an annular region surrounding p0 the convergence of this sequence is uniform in
Ck for any k with respect to the almost Ka¨hler metric g′J(·, ·) := ωp0(·, J ·). (by Lemma
4.1 and the accompanying discussing in [30]). Choose two small neighbourhoods, U ′p0 and
U ′′p0 of p0 satisfying p0 ∈ U ′p0 ⊂⊂ U ′′p0 ⊂⊂ Up0 . Construct a cut-off function:
ρ(x) =
{
1 x ∈M \ U ′′p0 ,
0 x ∈ U ′p0 .
(4.9)
It is clear that ρf + (1 − ρ)ft is a smooth strictly J-plurisubharmonic function for t
sufficiently small which agrees with f outside the annulus. Construct a smooth closed
strictly positive (1, 1) form τc,ε for ε > 0 as follows:
τc,ε =
{
Tc,ε on M \ Up0 ,
dW˜(ρf + (1− ρ)ft) on Up0 .
(4.10)
Hence the current Tc,ε is D˜+J -homologous to the smooth closed strictly positive (1, 1)-
form τc,ε. Moreover, for 0 < t1 < t0, there is some c and ε such that τc,ε ≥ t1F (see
Buchdahl [7, P.296]). Thus, τc,ε is a smooth almost Ka¨hler form on (M,J). This completes
the proof of Theorem 1.1. 
In the following three appendixes, we will discuss J-plurisubharmonic functions as
in classical complex analysis, minimal principle for J-plurisubharmonic functions, Lelong
numbers of closed positive (1, 1)-currents on almost complex 4-manifold, Siu’s decom-
position theorem for closed positive (1, 1)-currents on tamed almost complex 4-manifold
and Demailly’s regularization theorem for closed positive (1, 1)-currents on tamed almost
complex 4-manifold. These notations and results extend various foundational notations
and results from pluripotential theory, used in the main argument in Section 4, to the
almost-complex case.
Appendices
Appendix A Elementary pluripotential theory
This appendix is devoted to discussing J-plurisubharmonic functions, minimal principle
for J-plurisubharmonic functions, W˜, d−J -problem on tamed almost complex 4-manifolds,
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and the singularities of J-plurisubharmonic functions.
A.1 J-plurisubharmonic functions on almost complex manifolds
In this subsection, we will discuss J-plurisubharmonic functions on almost complex mani-
folds as done in classical complex analysis. We will adopt classical notations from geometric
measure theory [14,23,24,35–37,41,63,65,66].
Let (M,J) be an almost complex manifold of real dimension 2n. We let Dp,q(M) denote
the space of C∞ (p, q)-forms onM with compact support and let D′p,q(M) = Dn−p,n−q(M)′
be the space (p, q)-currents on (M,J). We also let Ep,q(M) be the space of C∞ (p, q)-forms
on (M,J) and E ′p,q(M) = En−p,n−q(M)′ denote the space of compactly supported (p, q)-
currents on (M,J). Suppose T ∈ D′p,q(M). We let SingsuppT denote the smallest closed
subset A of M such that T is a smooth current on M \ A. For ϕ ∈ Dn−p,n−q(M), we let
(T, ϕ) = T (ϕ) denote the pairing of T and ϕ. We note that if M is a closed manifold and
T , ϕ is closed, then (T, ϕ) = (T ·ϕ), where (T ·ϕ) is the intersection number given by the
cup-product (cf. [4, 31,35–37,63]).
Definition A.1. (cf. [24,42]) (1) A real (p, p)-form on (M,J) is strictly positive (positive)
if it is strictly positive (positive) at each point. A real (p, p)-current T on M is positive if
(T, ϕ) is positive for all test strictly positive (n− p, n− p)-forms ϕ on (M,J).
(2) A real (p, p)-current T on (M,J) is strictly positive if there is a strictly positive (1, 1)-
form F on (M,J)such that T − F p is positive; T is said to be strictly positive at a point
x ∈M if there is a neighborhood U of x such that T |U is a strictly positive current on U .
Note that T is strictly positive on (M,J) if and only if T is strictly positive at each
point of M . By the definition above, a smooth form is strictly positive (positive) as a
form if and only if it is strictly positive (positive) as a current. If a (p, p)-current T is
strictly positive (positive), we write T > 0 (T ≥ 0). We also write S > T (S ≥ T ) if
S − T > 0 (S − T ≥ 0), for (p, p)-currents S, T . A strictly positive (1, 1)-current on
an almost complex manifold is called an almost Ka¨hler current [76, 83] (Since a strictly
positive (1, 1)-current on a complex manifold (M,J) is called Ka¨hler current [13,31].).
In fact, for any real-valued C∞-function u we have ∂J ∂¯Ju = −∂¯J∂Ju (see (2.9)). We
can define the complex Hessian operator (cf. Harvey-Lawson [37])
H : C∞(M)→ Γ(M,Λ1,1J )
by H(u)(X,Y ) := (∂J ∂¯Ju)(X,Y ) for X,Y ∈ TM1,0. The real form H(u) of the complex
Hessian H is given by the polarization of the real quadratic form
H(u)(X,Y ) := ReH(u)(X −√−1JX, Y −√−1JY ),
where X,Y ∈ TM . Of course, it is enough to define the quadratic form
H(u)(X,X) := ReH(u)(X −√−1JX,X −√−1JX)
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for all real vector fieldsX and it is a real-valued form. By a simple calculation ( [37, Lemma
4.1]), we can obtain that H(u) is given by
H(u)(X,X) = {XX + (JX)(JX) + J([X,JX])}u
defined for all X ∈ TM (see [37, Lemma 4.1]).
Definition A.2. (cf. Harvey-Lawson [37]) A smooth function u on (M,J) is called J-
plurisubharmonic if Hx(u) ≥ 0 for each x ∈M .
This notion extends directly to the space of distributions by requiring
√−1∂J ∂¯Ju to
be positive. The definition of J-plurisubharmonic function could be broadened to the
space of upper semi-continuous functions on M takinng values in [−∞,∞). Denote by
USC(M) the space of upper semi-continuous functions on M . A function ϕ which is C2
in a neighborhood of x ∈ M is called a test function for u ∈ USC(M) at x if u − ϕ ≤ 0
near x and u = ϕ at x. A function u ∈ USC(M) is called J-plurisubharmonic on M if for
each x ∈ M and each test function ϕ for u at x we have Hx(ϕ) ≥ 0. On the other hand,
an upper semi-continuous function u on (M,J) is said to be J-plurisubharmonic in the
standard sense if its restriction to each J-holomorphic curve in (M,J) is subharmonic (for
detials, see [37,63]). If the function u is of class C2, there is a simple characterization. For
any tangent vector field X ∈ TM one must have
ddcJu(X,JX) ≥ 0, (A.1)
where the twisted exterior differential dcJ = (−1)pJdJ acting on p-forms, in particular
dcJu(X) = −du(JX). We say that a function u of class C2 is strictly J-plurisubharmonic
if ddcJu(X,JX) > 0. The manifold (M,J) is said to be (strictly) J-pseudoconvex if it
admits a smooth exhaustion function φ : M → R which is (strictly) J-plurisubharmonic.
If J = Jst is the standard complex structure on Cn , dcJst = d
c. Moreover, we have the
following integration by parts formula.
Proposition A.3. (cf. Demailly [13, Formula 3.1 in Chapter 3]) Let (M,J) be a closed
almost complex 2n-manifold and let α, β be smooth forms of pure bidegrees (p, p) and (q, q)
with p+ q = n− 1. Then ∫
M
α ∧ ddcJβ − ddcJα ∧ β = 0.
Proof. Note that
d(α ∧ dcJβ − dcJα ∧ β) = α ∧ ddcJβ − ddcJα ∧ β + (dα ∧ dcJβ + dcJα ∧ dβ).
Hence, by Stokes’ theorem, we get∫
M
α ∧ ddcJβ − ddcJα ∧ β = −
∫
M
dα ∧ dcJβ + dcJα ∧ dβ.
As all forms of total degree 2n and bidegree6= (n, n) are zero, we have
dα ∧ dcJβ = −
√−1 · (∂Jα ∧ ∂¯Jβ − ∂¯Jα ∧ ∂Jβ +AJα ∧ A¯Jβ − A¯Jα ∧AJβ)
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and
dcJα ∧ dβ =
√−1 · (∂Jα ∧ ∂¯Jβ − ∂¯Jα ∧ ∂Jβ +AJα ∧ A¯Jβ − A¯Jα ∧AJβ),
where AJ and A¯J are defined in Section 2 (cf. (2.4)). Therefore, dα∧dcJβ = −dcJα∧dβ.
By a simple calculation, we get
ddcJu = 2
√−1∂J ∂¯Ju+
√−1(A¯J ∂¯Ju− ∂2Ju) +
√−1(∂¯2Ju−AJ∂Ju)
and
dcJdu = −2
√−1∂J ∂¯Ju+
√−1(A¯J ∂¯Ju− ∂2Ju) +
√−1(∂¯2Ju−AJ∂Ju).
Hence, a C2 function u is J-plurisubharmonic if and only if the (1, 1) part of ddcJu is posi-
tive. Harvey and Lawson have proven that the notion of J-plurisubharmonic is equivalent
to the J-plurisubharmonic in the standard sense (cf. Harvey-Lawson [37, Theorem 6.2]).
Harvey and Lawson also introduce the notion of Hermitian plurisubharmonic on an almost
Hermitian manifold (M,g, J). Denote the Riemannian Hessian operator by
(Hess u)(X,Y ) := XY u− (∇XY )u
for X,Y ∈ TM , where ∇ is the Levi-Civita connection. A function u ∈ C∞(M) is then
defined to be Hermitian plurisubharmonic if HessCu ≥ 0, where
(HessCu)(X,Y ) := (Hess u)(X,Y ) + (Hess u)(JX, JY ).
In general, Hermitian plurisubharmonic does not agree with the standard J-plurisubharmonic
(cf. Harvey-Lawson [37, Section 9]). But we have the following proposition proved by Har-
vey and Lawson:
Proposition A.4. (cf. Harvey-Lawson [37, Theorem 9.1]) Let (M,g, J) be an almost
Hermitian manifold. If the associated Ka¨hler form ω(·, ·) = g(J ·, ·) is closed, that is,
(M,g, J, ω) is almost Ka¨hler, then the notion of Hermitian plurisubharmonic coincides
with the notion of J-plurisubharmonic.
Let (M,g, J, ω) be an almost Ka¨hler manifold of (complex) dimension n. For any
p ∈M , assume TpM ∼= Cn. Let
B1(p, ε1) := {ξ ∈ TpM | |ξ| ≤ ε1}
and
S1(p, ε1) := {ξ ∈ TpM | |ξ| = ε1}.
Suppose that ρg(p, q) is the geodesic distance of points p, q with respect to g (for details,
see Chavel [9]). Denote by
B(p, ε1) := {q ∈M | ρg(p, q) ≤ ε1}
and
S(p, ε1) := {q ∈M | ρg(p, q) = ε1}.
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It is well known that for each p ∈M , there exists ε2 > 0 and a neighborhood U of p in M
such that for each q ∈ U , expq maps B1(p, ε2) diffeomorphically onto an open set in M .
Hence, for ε1 < ε2, we have
B(p, ε1) = expB1(p, ε1)
and
S(p, ε1) = expS1(p, ε1).
Let injM be the injectivity radius of M (for the detailed definition, we refer to Chavel [9,
Chapter III]).
Proposition A.5. (cf. Chavel [9, Theorem IX.6.1]) Let (M,g, J, ω) be an almost Ka¨hler
manifold. Assume that the sectional curvature K ≤ δ on M . Set r = min{ injM2 , π2√δ},
then B(p, r) is strictly convex.
Therefore, on an almost Ka¨hler manifold with bounded geometry (cf. [9]), a small
geodesic ball is strictly convex. It is well known that one of the fundamental results
of classical complex analysis establishes the equivalence between the holomorphic disc
convexity of a domain in an affine complex space, the Levi convexity of its boundary and
existence of a strictly plurisubharmonic exhaustion function. On the other hand, in the
works of K. Diederich-A. Sukhov, Y. Eliashberg-M. Gromov, F.R. Harvey-H.B. Lawson,
Jr [14, 22, 35, 36] and other authors, the convexity properties of strictly J-pseudoconvex
domains in almost complex manifolds are substantially used give rise to many interesting
results. Concerning symplectic structure, K. Diederich and A. Sukhov [14, Theorem 5.4]
obtained a characterization of J-pseudoconvex domain in almost complex manifolds similar
to the classical results of complex analysis. Hence fix a point p, ρg(p, q) is a strictly
subharmonic function on {q | ρg(p, q) < r}.
Claim A.6. Let (M,g, J, ω) be an almost Ka¨hler manifold of (complex) dimension n. For
any p ∈M , log ρg(p, q) is J-plurisubharmonic if ρg(p, q) is small enough.
We will prove the above claim later. Note that when we identify R2n with Cn. Chirka
(unpublished) observed that if the almost complex structure J defined in a neighborhood
of 0 coincides with the standard complex structure at 0, then for A > 0 large enough
the function z → log |z| + A|z| is J-plurisubharmonic near 0, with z = (z1, · · ·, zn) and
|z| = (|z1|2 + · · · + |zn|2) 12 . One should of course not expect the function log |z| to be
J-plurisubharmonic, since it is not strictly plurisubharmonic for the standard complex
structure, and hence even a small change of complex structure will not preserve plurisub-
harmonicity. The term A|z| is a needed correction term. The computation is made in
detail in Ivashkovich-Rosay [41, Lemma 1.4]. Note that J-holomorphic curves are −∞
sets of J-plurisubharmonic functions, with a singularity of log log type (cf. Rosay [65]),
but it is shown that in general they are not −∞ set of J-plurisubharmonic functions with
logarithmic singularity (cf. Rosay [66]).
Suppose that (M,g, J) is an almost Hermitian 2n-manifold. Let ∇1 be the second
canonical connection satisfying ∇1g = 0 and ∇1J = 0 [28]. There exists a unique second
canonical connection on almost Hermitian manifold (M,g, J) whose torsion has everywhere
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vanishing (1, 1) part (cf. [28,77]). This connection was first introduced by Ehresmann and
Libermann (cf. [21]). It is also sometimes referred to as the Chern connection, since when
J is integrable it coincides with the connection defined in [10]. Choose a local unitary
frame {e1, · · ·, en} for TM1,0 with respect to the Hermitian inner product h = g −
√−1ω,
where ω(·, ·) = g(J ·, ·), and let {θ1, · · ·, θn} be a dual coframe. The metric h can be written
as
h = θi ⊗ θi + θi ⊗ θi.
Let Θ be the torsion of the canonical almost Hermitian connection ∇1. Define functions
N i
j¯k¯
and T ijk (cf. [77]) by
(Θi)(0,2) = N ij¯k¯θ
j ∧ θk,
(Θi)(2,0) = T ijkθ
j ∧ θk
with N i
j¯k¯
= −N i
k¯j¯
and T ijk = −T ikj.
It is not hard to obtain the following lemma:
Lemma A.7. (cf. [27, 77, 79]) The (0, 2) part of the torsion is independent of the choice
of metric.
Consider the real (1, 1) form ω(·, ·) = g(J ·, ·),
ω =
√−1
n∑
i=1
θi ∧ θi.
We say that (M,J, g, ω) is almost Ka¨hler if dω = 0, and it is quasi Ka¨hler if (dω)(1,2) = 0.
An almost Ka¨hler or quasi Ka¨hler manifold with J integrable is a Ka¨hler manifold.
Lemma A.8. (cf. [27,77]) An almost Hermitian manifold (M,g, J, ω) is almost Ka¨hler if
and only if
T ikj = 0
and
Ni¯j¯k¯ +Nj¯k¯i¯ +Nk¯i¯j¯ = 0,
where Ni¯j¯k¯ = N
i
j¯k¯
. (M,g, J, ω) is quasi Ka¨hler if and only if
T ikj = 0.
Notice that if (M,g, J, ω) is almost Ka¨hler, then (M,g, J, ω) is quasi Ka¨hler.
Let f be a smooth function on M . We define the canonical Laplacian ∆1 of f by
∆1f =
∑
i
(∇1∇1f(ei, e¯i) +∇1∇1f(e¯i, ei)).
This expression is independent of the choice of unitary frame. By Lemma 2.5 in [77],
∆1f =
√−1
∑
i
(ddcJf)
(1,1)(ei, e¯i).
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Lemma A.9. (cf. [27, 77]) If the metric g is quasi-Ka¨hler then the canonical Laplacian
∆1 is equal to the usual Laplacian, ∆g, of the Levi-Civita connection of g.
Let us return to the proof of the above claim.
Proof of Claim A.6 To verity that log ρg(p, q) is J-plurisubharmonic on almost
Ka¨hler manifold (M,g, J, ω), we introduce geodesic spherical coordinates about p by defin-
ing
V : [0, ε) × TpM −→M
by V (s,X) = exp sX. For any ξ ∈ Sp = S1(p, 1), denote by
ξ⊥ := {η ∈ TpM | 〈η, ξ〉 = 0}.
Then the map η 7→ sFη is an isomorphism of ξ⊥ onto S1(p, s)sξ, where F : TpM → (TpM)sξ
is the canonical isomorphism. Hence for any point q′ which lies in a small neighborhood
of p, q′ could be written as
q′ = exp s(ξ +
2n−1∑
i=1
θiei),
where e1, · · ·, e2n−1, ξ = e2n ∈ TpM is a local unitary orthogonal frame, and Je2i−1 = e2i,
1 ≤ i ≤ n. Therefore,
ρg(p, q
′) =
√√√√s2(1 + 2n−1∑
i=1
θ2i ).
Hence, when s = t, θi = 0, i = 1, 2, · · ·, 2n − 1
∆g log ρg(p, q
′)|q = 1
2
(
∂2
∂s2
+
1
t2
2n−1∑
i=1
∂2
∂θ2i
) log s2(1 +
2n−1∑
i=1
θ2i )|s=t,θi=0
= − 1
t2
+
2n−1∑
i=1
1
t2
=
2n− 2
t2
. (A.2)
Since we mainly consider it on almost Ka¨hler 2n-manifold, especially, on almost Ka¨hler
4-manifold, ∆g log ρg(p, q) ≥ 0. By Lemma A.9, notice that an almost Ka¨hler manifold is
a quasi Ka¨hler manifold, we have
∆1 log ρg(p, q) = ∆g log ρg(p, q) ≥ 0.
Define lj to be the J-holomorphic curves spanned by {e2j−1, Je2j−1}, 1 ≤ j ≤ n. Then,
we have
∆g|ln log ρg(p, q′)|q =
−1
s2(1 +
∑2n−1
i=1 θ
2
i )
|s=t,θi=0
+[
1
s2(1 +
∑2n−1
i=1 θ
2
i )
+
−2θ22n−1
s2(1 +
∑2n−1
i=1 θ
2
i )
2
]|s=t,θi=0
= − 1
t2
+
1
t2
= 0 (A.3)
39
and
∆g|lj log ρg(p, q′)|q =
(1 +
∑2n−1
i=1 θ
2
i )− 2θ22j−1
(1 +
∑2n−1
i=1 θ
2
i )
2
|s=t,θi=0
+
(1 +
∑2n−1
i=1 θ
2
i )− 2θ22j
(1 +
∑2n−1
i=1 θ
2
i )
2
|s=t,θi=0
=
1
t2
+
1
t2
=
2
t2
, (A.4)
where 1 ≤ j ≤ n − 1. Hence, for any J-holomorphic curve l = ∑nj=1 aj lj spanned by
{X,JX},
ddcJ log ρg(p, q
′)(X,JX)|q =
n∑
j=1
a2j∆g|lj log ρg(p, q′)|q
=
2
t2
n−1∑
j=1
a2j ≥ 0,
which means that log ρg(p, q) is J-plurisubharmonic if ρg(p, q) < ε. This completes the
proof of the claim.
In the remainder of this subsection, we will discuss the basic properties of J-plurisubharmonic
functions on almost Ka¨hler manifolds. In fact, a number of the results established in com-
plex analysis via plurisubharmonic functions have been extended to almost complex man-
ifolds (cf. [35–38,72]). Let (M,J) be an almost complex manifold and PSH(M,J) the set
of J-plurisubharmonic functions on (M,J). We have the following facts (cf. [35–38,72]):
Proposition A.10.
1) Suppose (M,J) is an almost complex manifold which is J-pseudoconvex, and let
u ∈ PSH(M,J) be a J-plurisubharmonic function. Then there exists a decreasing sequence
{uj} ⊂ C∞(M) of smooth strictly J-plurisubharmonic functions such that uj(x) ↓ u(x) at
each x ∈M .
2) (Maximum property) If u, v ∈ PSH(M,J), then w = max{u, v} ∈ PSH(M,J).
3) (Coherence property) If u ∈ PSH(M,J) is twice differentiable at x ∈ M , then
Hessxu is positive.
4) Let u1 and u2 be smooth strictly J-plurisubharmonic functions on (M,J). Then for
every ε > 0 and every relatively compact domain Ω ⊂M there exists a smooth and strictly
J-plurisubharmonic function u in Ω such that max{u1, u2} ≤ u ≤ max{u1, u2}+ ε on Ω.
5) If ψ is convex non-decreasing function, then ψ ◦ u ∈ PSH(M,J) for each u ∈
PSH(M,J).
6) (Decreasing sequence property) If {uj} is a decreasing (uj ≥ uj+1) sequence of
functions with all uj ∈ PSH(M,J), then the limit u = limj→∞ uj ∈ PSH(M,J).
7) (Uniform limit property) Suppose {uj} ⊂ PSH(M,J) is a sequence which converges
to u uniformly on compact subsets on M , then u ∈ PSH(M,J).
8) (Families locally bounded above) Suppose F ⊂ PSH(M,J) is a family of functions
which are locally uniformly bounded above. Then the upper envelope v = supf∈F f has
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upper semi-continuous regularization v∗ ∈ PSH(M,J) and v∗ = v a.e.. Moreover, there
exists a sequence {uj} ⊂ F with vj = max{u1, · · ·, uj} converging to v∗ in L1loc(M).
For an almost Ka¨hler 4-manifold, we use Theorem A.31 for W˜, d−J -problem in Appendix
A.3 to establish the following result:
Lemma A.11. Let (M,g, J, ω) be an almost Ka¨hler 4-manifold, and let T be a strictly pos-
itive closed (1, 1)-current on M with Lq coefficients for some fixed q ∈ (1, 2). Then, T can
be written as T = dW˜(fT ) locally, where fT is in Lq2(M) and strictly J-plurisubharmonic.
Proof. It is often convenient to work with smooth forms and then prove statements about
currents by using an approximation of a given current by smooth forms (cf. [31, 69]). For
any point p ∈ M , we choose a neighborhood Up of p. We may assume without loss of
generality that Up is a star shaped strictly J-pseudoconvex open set, by Poincare´ Lemma,
T = dA on Up since T |Up is a strictly positive closed (1, 1)-current. Note that T is (1, 1)
type, so d−J (A) = 0. Then applying Theorem A.31 in Appendix A.3 (W˜, d−J -problem),
there exists a smooth function fT such that T = dW˜(fT ) on Up. Since (M,g, J, ω) is an
almost Ka¨hler 4-manifold, W˜(fT ) = W(fT ) (see Section 2), hence T = dW(fT ) locally.
When Up is very small, on Up there exists Darboux coordinate chart (z1, z2) (cf. [2, 60])
with standard complex structure J0 = J(p). Since dW(fT ) = D+J (fT ) is smooth and
strictly positive (1, 1)-form, D+J (fT ) can be regarded as a local symplectic form on Up.
Hence, the complex coordinate (z1, z2) is also Darboux coordinate on Up for D+J (fT ),
that is, D+J (fT ) are J and J0(= J(p)) compatible. Hence D+J (fT ) = 2
√−1∂J(p)∂¯J(p)fT ,
i.e., fT = |z1|2 + |z2|2. It is easy to see that
√−1∂J ∂¯JfT > 0 on Up. Therefore fT is
also strictly J-plurisubharmonic. By Proposition A.10, when fT ∈ Lq2(Up) for some fixed
q ∈ (1, 2), the above conclusion also holds since there exists a sequence {fT,k} of smooth
J-plurisubharmonic functions on Up such that fT,k converges to fT in norm L
q
2. This
completes the proof of Lemma A.11.
In classical complex analysis case, we have Poincare´-Lelong equation ( [31]). If the
holomorphic function f has divisor the analytic hypersurface Z, then the equation of
currents √−1
2π
∂∂¯ log |f |2 = TZ
is valid. In [24], Elkhadhra extended Poincare´-Lelong equation to the almost complex
category. Let Ω be an open set of R2n equipped with an almost complex structure J .
Given a submanifold Z of Ω of codimension 2p if J(TZ) = TZ, that is, TZ is J-invariant,
then J is also an almost complex structure on TZ, it means that Z is an almost complex
submanifold of dimension 2n − 2p. Let U be an open subset of Ω such that Z is defined
on U by fi = 0, 1 ≤ i ≤ p, where the fi are of smooth functions on U , ∂¯Jfi = 0 on Z ∩ U
and ∂Jf1 ∧ · · · ∧ ∂Jfp 6= 0 on U . With these notations, Elkhadhra obtained a generalized
Poincare´-Lelong formula:
(
√−1
2π
∂J ∂¯J log |f |2)p = TZ +RJ(f),
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where f = (fi)1≤i≤p, |f |2 =
∑p
i=1 |fi|2 and RJ(f) is a (p, p)-current which has Lαloc in-
tegrable as coefficients, α < 1 + 12p−1 . Moreover, RJ(f) = 0 when the structure J is
integrable. Our Lemma A.11 can be viewed as a generalized Poincare´-Lelong equation of
closed positive (1, 1)-currents on almost Ka¨hler 4-manifold.
A.2 Kiselman’s minimal principle for J-plurisubharmonic functions
This subsection is devoted to studying Kiselman’s minimal principle for J-plurisubharmonic
functions. A linear image of a convex set is convex, but in spite of far reaching analogy
between convexity and pseudoconvexity the corresponding result is not true in the complex
domain, the projection in C2 of a pseudoconvex set in C3 may fail to be pseudoconvex.
C. O. Kiselman [46] exhibited, in classical complex analysis, a class of pseudoconvex sets
which admit pseudoconvex projections and studied an associated functional transforma-
tion, the partial Legendre transformation. This transformation can be used to study the
local behavior of plurisubharmonic functions in classical complex analysis. In this subsec-
tion, we use this method to study the local behavior of J-plurisubharmonic functions.
Let (R2n, ω0) be the standard symplectic vector space, where ω0 =
∑n
i=1 dxi∧dyi. Here
(x1, y1, · · ·, xn, yn) is the global coordinate of R2n. As in classical complex analysis [43],
we have the following definition.
Definition A.12. (cf. Jarnicki-Pflug [43, Definition 1.1.1]) A pair (X,π) is called a
symplectic Riemann region over the symplectic vector space (R2n, ω0) if:
(1) X is a topological Hausdorff space;
(2) π : X −→ (R2n, ω0) is a local homeomorphism.
Moreover, if X is connected, then we say that (X,π) is a symplectic Riemann domain
over (R2n, ω0). The mapping π is called the projection. ∀z ∈ π(X), π−1(z) is called the
stalk over z. A subset A ⊂ X is said to be univalent if π|A : A→ π(A) is homeomorphic.
Remark A.13. (cf. Jarnicki-Pflug [43]) (1) If we replace (R2n, ω0) in the above definition
by a (connected) 2n-dim symplectic manifold (M,ω), then we get the notion of a Riemann
region (domain) over (M,ω).
(2) ω0 can be pulled back to X so that (X,ω = π
∗ω0) is a symplectic manifold. It
is well known that there exists an ω-compatible almost complex structure J on X, that
is, ω(J ·, J ·) = ω(·, ·). Let g(·, ·) := ω(·, J ·) be an almost Ka¨hler metric on X. Then
(X, g, J, ω) is an almost Ka¨hler manifold (cf. [60]). Let J0 := Jst be the standard complex
structure on R2n, g0(·, ·) := ω0(·, J0·), then (R2n, g0, J0, ω0) = Cn.
(3) If Ω ⊂ (R2n, g0, J0, ω0) is a domain, then (Ω, ω0) is a (symplectic) Riemann domain
over Cn.
(4) If (X,π, ω) is a symplectic Riemann domain over (R2n, ω0), then π is an open
mapping. Hence, π(X) is a domain over (R2n, ω0) and the stalk π−1(p) is discrete for all
p ∈ π(X).
(5) Let (X,π, ω) be a symplectic Riemann domain over (R2n, ω0), and let Y be a
univalent subset such that π(Y ) = π(X), then Y = X.
(6) Evidently, not all connected symplectic 2n-dimensional manifolds are symplectic
Riemann domains, e.g., a compact symplectic manifold cannot be a symplectic Riemann
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domain. In the category of non-compact connected symplectc manifolds the situation is
as follows: If n = 1, then any complex (symplectic 2-dimensional) manifold is a symplec-
tic Riemann domain over C ((R2, ω0)) with suitable projection π; If n ≥ 2, then there
exist very regular non-compact connected symplectic manifolds which are not symplectic
Riemann domains over (R2n, ω0).
(7) If (X,π, ω) is a symplectic Riemann domain over (R2, ω0), then (Y, π|Y , ω|Y ) is a
symplectic Riemann domain over (R2, ω0) for any domain Y ⊂ X.
(8) If (X,π1, ω1) and (Y, π2, ω2) are symplectic Riemann domains over (R2n, ω10) and
(R2m, ω20), respectively, then (X × Y, π1 × π2, ω1 ⊕ ω2) is a symplectic Riemann domain
over (R2n × R2m, ω10 ⊕ ω20).
Example A.14. (1) Let (R2n, π = idR2n , ω
1
0) be a symplectic vector space, where
R2n := {(x1, · · ·, x2n) |xi ∈ R, 1 ≤ i ≤ 2n},
ω10 = dx1 ∧ dx2 + · · · + dx2n−1 ∧ dx2n. Suppose J is an ω10-compatible almost complex
structure on R2n. Let gJ (·, ·) = ω10(·, J ·), then E := (R2n, gJ , J, ω10) is an almost Ka¨hler
manifold and also a topological vector space.
(2) Let (R2m, π = idR2m , ω
2
0) be a symplectic vector space, where
R2m = {(y1, · · ·, y2m) | yi ∈ R, 1 ≤ i ≤ 2m},
ω20 = dy1 ∧ dy2 + · · ·+ dy2m−1 ∧ dy2m. Let J0 be the standard complex structure on R2m.
It is easy to see that J0 is ω
2
0-compatible. Then (R
2m, J0, ω
2
0) = C
m = Rm +
√−1Rm.
Definition A.15. A domain Ω ⊂ Cn is called a tube domain if Ω = Ω+√−1Rn.
In classical complex analysis, one has the following theorem (cf. [13, 40,47]):
Theorem A.16. (1) Let Ω ⊂ Cn be a domain, u a (J0)-plurisubharmonic function which
is locally indenpendent of the imaginary part of z, i.e., for any z ∈ Ω, u(z′) = u(z) if z′ is
sufficientlly close to z and Rez′ = Rez. Then u is locally convex in Ω (thus convex if Ω is
convex).
(2) Any (J0)-pseudoconvex tube domain Ω ⊂ Cn is of the form Ω = Ω1 +
√−1Rn,
where Ω1 is a convex subdomain of Rn.
The main goal of this subsection is to prove a minimum principle for J-plurisubharmonic
function as in classical complex analysis (cf. Kiselman [46]).
Theorem A.17. (minimal principle for J-plurisubharmonic functions)
Let E = (R2n−2k, gJ , J, ω10) be an almost Ka¨hler manifold which is also a topological
vector space with the induced topology from the metric gJ . Let J1 := J ⊕J0 be an ω10⊕ω20-
compatible almost complex structure on (R2n−2k, ω10) × (R2k, ω20). Suppose that Ω is a
J1-pseudoconvex subdomain of E × Ck such that for each x ∈ E, the fiber
Ωx := {z ∈ Ck | (x, z) ∈ Ω}
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is a non-empty connected tube domain. Let u be a J1-plurisubharmonic function on Ω.
Then the function
f : π(Ω)→ [−∞,+∞), π : E × Ck → E
f(x) := inf{u(x, z) | z ∈ Ωx}, x ∈ π(Ω) (A.5)
is J-plurisubharmonic.
Remark A.18. (1) π(Ω) ⊂ E is J-pseudoconvex (cf. Kiselman [46]).
(2) If the fibres are tubular but not necessarily connected (they must consist of convex
components), then the function f is not defined on E but on a symplectic Riemann domain
over (R2n−2k, ω10). For more details see [46, Proposition 2.1].
The similar proof as in classical complex analysis we will present here is taken from
Kiselman [47] and Jarnicki-Pflug [43]. We need the following technical lemmas:
Lemma A.19. Let L be a positive semidefinite Hermitian (n × n)-matrix. Then there
exists a Hermitian (n× n)-matrix M with LML = L.
Proof. There exists P ∈ U(n) such that
PLP¯ T =

λ1
· · ·
λm
0
· · ·
0
 =: Λ, m ≤ n,
since L is a positive semidefinite Hermitian (n× n)-matrix. Let
Λ− :=

1
λ1
· · ·
1
λm
0
· · ·
0
 ,
and take M = P¯ TΛ−P , then LML = (P¯ TΛP )(P¯ TΛ−P )(P¯ TΛP ) = L.
Such matrix M is called a Hermitian quasi-inverse of L.
Lemma A.20. Let F : Cn → R,
F (z) :=
n∑
i,j=1
Lijziz¯j + 2Re(
n∑
j=1
bjzj)
be bounded from below, where L = (Lij)n×n is a positive semidefinite Hermitian matrix
and b = (b1, · · ·, bn) ∈ Cn. If M is a Hermitian quasi-inverse of L, then LMbT = bT and
F (z) ≥ −b¯MbT = F (−(M¯ b¯T )T ), z ∈ Cn.
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Proof. For a detailed proof of this lemma, we refer to [43, Lemma 2.3.6].
By using Lemma A.19, A.20, we can prove the following lemma.
Lemma A.21. Let Ω be a domain in Cz × Cnw and let u ∈ PSH(Ω) ∩ C2(Ω). Moreover,
let M(z, w) denote a quasi-inverse of
L(z, w) = (
∂2u
∂wi∂w¯j
(z, w))1≤i,j≤n, (z, w) ∈ Ω.
Then uzz¯ ≥ b¯MbT on Ω, where b = (b1, · · ·, bn) = ( ∂2u∂z¯∂w1 , · · ·, ∂
2u
∂z¯∂wn
) : Ω→ Cn.
Proof. For a detailed proof of this lemma, we refer to [43, Lemma 2.3.7].
Let U ⊂ C be an open set, and let y : U → Cn be a C1-function such that
(z, y(z)) ∈ Ω, ∂u
∂wj
(z, y(z)) = 0, 1 ≤ j ≤ n, z ∈ U, (A.6)
where u and Ω are the same as in the above lemma. Define g : U → R, g(z) := u(z, y(z)).
Differentiation of g with respect to z and z¯ leads to
gzz¯(z) = uzz¯(z, y(z)) +
n∑
j=1
uzwj(z, y(z))yjz¯(z) +
n∑
j=1
uzw¯j(z, y(z))y¯jz¯(z). (A.7)
Since uwk(z, y(z)) = 0, k = 1, · · ·, n, we differentiate the equations with respect to z and
z¯, then
0 = ak(z, y(z)) +
n∑
j=1
Hkj(z)αj(z) +
n∑
j=1
Lkj(z)β¯j(z), 1 ≤ k ≤ n,
and
0 = bk(z, y(z)) +
n∑
j=1
Hkj(z)βj(z) +
n∑
j=1
Lkj(z)α¯j(z), 1 ≤ k ≤ n,
where
α = (y1z, · · ·, ynz), β = (y1z¯, · · ·, ynz¯),
a = (a1, · · ·, an) = (uzw1 , · · ·, uzwn), b = (b1, · · ·, bn) = (uz¯w¯1 , · · ·, uz¯w¯n),
H(z) = (Hkj(z)) = (
∂2u
∂wk∂wj
(z, y(z)), L(z) = (Lkj(z)) = (
∂2u
∂wk∂w¯j
(z, y(z)), z ∈ U.
(A.8)
Summarizing, the following identities hold for z ∈ U :
a(z, y(z)) = −α(z)H(z) − β¯(z)LT (z),
b(z, y(z)) = −β(z)H(z) − α¯(z)LT (z). (A.9)
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Proposition A.22. Let M be a matrix-valued function on U such that for all z ∈ U the
matrix M(z) is a Hermitian quasi-inverse of L(z). Then
gzz¯(z) ≥ (β(HMT H¯ − L)β¯T )(z), z ∈ U.
In particular, g is subharmonic on U , if the right-hand side of this inequality is never
negative on U .
Proof. Lemma A.21 shows ∀z ∈ U , uzz¯(z, y(z)) ≥ (b¯MbT )(z, y(z)) and using LMbT = bT ,
gzz¯(z) = uzz¯(z, y(z)) + a(z, y(z))β(z) + b(z, y(z))α(z)
≥ b¯MbT + aβT + b¯α¯T
= β¯H¯MHβT + β¯H¯MLα¯T + αHTβT + αHTβT
+αLα¯T − αHβT − β¯LTβT − β¯H¯α¯T − αL¯T α¯T
= β¯(H¯MH − LT )βT + β¯H¯(ML− In)α¯T
= β(HMT H¯ − L)β¯T + (−b¯− αL¯T )(ML− In)α¯T
= β(HMT H¯ − L)β¯T .
Corollary A.23. Under the assumptions of the above proposition, moreover, assume that
the following properties are fulfilled: if z ∈ U and t ∈ Rn, then (z, w + √−1t) ∈ U and
u(z, w) = u(z, w +
√−1t). Then g : U → R is subharmonic on U .
By the above lemmas, proposition and corollary, we return to prove Theorem A.17.
Proof of Theorem A.17: Suppose that
(R2n−2k, gJ , J, ω10)× (R2k, gJ0 , J0, ω20) = (R2n−2k, gJ , J, ω10)× Ck
is an almost Ka¨hler manifold, where J is an ω10-compatible almost complex structure on
R2n−2k, gJ (·, ·) := ω10(·, J ·), J0 = Jst is the standard complex structure on (R2k, ω20) ∼= Ck,
gJ0(·, ·) := ω20(·, J0·). Let
Ω ⊂ (R2n−2k, gJ , J, ω10)× Ck
be a J1-pseudoconvex domain, where J1 := J⊕J0 is an ω10⊕ω20-compatible almost complex
structure on R2n−2k ×R2k. Suppose that u(x,w) is a J1-plurisubharmonic function on Ω,
where
(x,w) ∈ Ω ⊂ (R2n−2k, gJ , J, ω10)× Ck.
Let
π : (R2n−2k, gJ , J, ω10)× Ck → (R2n−2k, gJ , J, ω10), π(x,w) = x ∈ (R2n−2k, gJ , J, ω10).
Define a function on π(Ω) as follows: Let
Ωx := {w ∈ Ck | (x,w) ∈ Ω}, g(x) := inf{u(x,w) | w ∈ Ωx}, x ∈ π(Ω).
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To complete the proof of Theorem A.17, we must prove that g : π(Ω)→ [−∞,+∞) is a
J-plurisubharmonic function on π(Ω). It is well know that a J-plurisubharmonic function
is J-plurisubharmonic in the standard sense (cf. [37]), that is, its restriction to each J-
holomorphic curve Σ in (π(Ω), J) is subharmonic. Hence, without loss of generality, we
may assume k = n − 1, that is , Ω ⊂ (R2, gJ , J, ω10)× Cn−1. Note that (R2, gJ , J, ω10) is a
Riemann surface (cf. [31]) since J on R2 is integrable. Hence Ω ⊂ (R2, gJ , J, ω10)×Cn−1 is a
Ka¨hler manifold which is also a Riemann domain over Cn in classical complex analysis. By
using Theorem A.16 and Corollary A.23, similar to the proof of Theorem 2.3.2 in [43], we
can prove that g(x) : π(Ω) → [−∞,+∞) is a subharmonic function on π(Ω). For details,
we refer to [43, proof of Theorem 2.3.2]. This completes the proof of Theorem A.17. 
A.3 Ho¨rmander’s L2 estimates on tamed almost complex 4-manifolds
In this subsection, we devote to considering W˜, d−J -problem (as ∂¯-problem in classical
complex analysis, cf. Ho¨rmander [39, 40]). In Stein manifold, the L2-method for the ∂¯
operator has many applications, for example, using L2-method we can prove the theorem of
Siu [70] on the Lelong numbers of plurisubharmonic functions (cf. [13]). In this subsection,
we extend Ho¨rmander’s L2 estimates [39,40] to tamed almost complex 4-manifold.
Suppose that J is an almost complex structure on R4 which is tamed by a symplectic
2-form ω1 = F + d
−
J (v + v¯), where F is a fundamental form on R
4 and v ∈ Λ0,1J ⊗L21(R4).
Let gJ(·, ·) = F (·, J ·) be an almost Hermitian metric and dµgJ the volume form. Let (Ω, J)
be a bounded open set in (R4, J), A = u+ u¯ ∈ Λ1R ⊗ L21(Ω) and satisfy d−J (A) = 0, where
u ∈ Λ0,1J ⊗ L21(Ω). Let L22(Ω)0 be the completion of the space of smooth functions with
compact support in Ω under the L22 norm. Since d
−
J d
∗ : Ω−J (Ω) → Ω−J (Ω) is a strongly
elliptic linear operator (see Section 2 or [56]), where d∗ = − ∗gJ d∗gJ , we define a linear
operator W˜ as in Section 2, W˜ : L22(Ω)0 −→ Λ1R ⊗ L21(Ω), where L22(Ω)0 is the completion
of the space of smooth functions with compact support in Ω under the L22 norm,
W˜(f) = Jdf + d∗(η1f + η1f )− ∗gJ (df ∧ d−J (v + v¯)) + d∗(η2f + η2f ), η1f , η2f ∈ Λ0,2J ⊗ L22(Ω),
satisfying
d∗W˜(f) = 0,
d−J Jdf + d
−
J d
∗(η1f + η
1
f ) = 0,
and
−d−J ∗gJ (df ∧ d−J (v + v¯)) + d−J d∗(η2f + η2f ) = 0,
where
η1f |∂Ω = 0, η2f |∂Ω = 0.
Notice that C∞0 (Ω) (which is the space of smooth functions with compact support in Ω) is
dense in L22(Ω)0. The question with our relationship is whether W˜(f) = A has a solution.
Note that d−J ◦ W˜ = 0. If we use the theory of Hilbert space, considing
L22(Ω)0
W˜−→ Λ1R ⊗ L21(Ω)
d−J−→ Λ−J ⊗ L2(Ω), (A.10)
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then the above problem is equivalent to: Whether the kernel of d−J is equal to the image
of W˜. As the ∂¯-problem in classical complex analysis, we call this problem the W˜, d−J -
problem.
Our approach is along the lines used by L. Ho¨rmander to present the method of L2
estimates for the ∂¯-problem in [39]. We summarize the above discussion in terms of the
model of Hilbert spaces below:
H1
T−→ H2 S−→ H3,
where H1,H2,H3 are all Hilbert spaces, and T, S are linear, closed and densely defined
operators. Assume ST = 0, the problem is whether, ∀g ∈ kerS, a solution to
Tf = g
exists. First, note a simple fact that Tf = g is equivalent to
(Tf, h)H2 = (g, h)H2 , ∀h ∈ some dense subset (A.11)
because (Tf − g, h)H2 = 0, ∀h ∈ some dense subset ⇐⇒ (Tf − g,H2)H2 = 0 ⇐⇒ Tf = g.
Let T ∗ be an adjoint operator of T in the sense of distributions. By the theory of
functional analysis, T ∗ is a closed operator, and (T ∗)∗ = T if and only if T is closed.
From (A.11), (Tf, h)H2 = (g, h)H2 , ∀h ∈ some dense subset. If this dense subset is
contained in DT ∗ , then, noticing (Tf, h)H2 = (f, T
∗h)H1 ,
Tf = g ⇐⇒ (Tf, h)H2 = (g, h)H2
⇐⇒ (f, T ∗h)H1 = (g, h)H2 , ∀h ∈ some dense subset in DT∗ . (A.12)
Let T ∗h −→ (g, h)H2 be a linear functional defined on a subset of H1 (that is, {T ∗g | g ∈
some dense subset in DT ∗}). If we can extend the above functional to a bounded linear
functional on the entire H1, then an application of Riesz Representation theorem to (A.12)
will thus show that the problem Tf = g is solved. Recall that the Riesz Representation
theorem states that if λ : H → C is a bounded linear functional on a Hilbert space H, then
there exists g ∈ H such that λ(x) = (x, g)H ∀x ∈ H. Hence the main step is whether we
can extend T ∗h −→ (g, h)H2 to a bounded linear functional on the entire H1 (for details,
see [39,40]).
As in classical complex analysis, we have the following lemmas:
Lemma A.24. (cf. [39, Theorem 1.1.1]) If there exists a constant cg depending only on g
such that
|(g, h)H2 | ≤ cg‖T ∗h‖H1 , (A.13)
then T ∗h −→ (g, h)H2 can be extended to a bounded linear functional on H1.
In the above discussion, we used only the front half of
H1
T−→ H2 S−→ H3.
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However, since we only need to solve the equation Tf = g or (T ∗h, f) = (h, g) for g ∈ kerS,
it is unnecessary to prove (A.13) for g ∈ H2, rather we just need to prove (A.13) for
g ∈ kerS. In this case, we hope that h in (A.13) belongs to some dense subset in DT ∗ .
The method of proving
|(g, h)H2 | ≤ cg‖T ∗h‖H1
is through proving a more general inequality:
‖h‖2H2 ≤ c(‖T ∗h‖2H1 + ‖Sh‖2H3), h ∈ DT ∗ ∩DS .
First we note, in our problem, DT ∗ and DS contain C
∞(Ω)0 which is the space of smooth
functions on Ω with compact support, hence DT ∗ ∩ DS is dense on both DT ∗ and H2.
Notice that T, S are linear, closed densely defined operators, and ST = 0. Now we need
Lemma A.25. (cf. [39, Theorem 1.1.2]) If
‖h‖2H2 ≤ c(‖T ∗h‖2H1 + ‖Sh‖2H3) h ∈ DT ∗ ∩DS , (A.14)
then
|(g, h)H2 | ≤ c
1
2 ‖g‖H2‖T ∗h‖H1 ∀g ∈ kerS, h ∈ DT ∗ ∩DS . (A.15)
Applying Lemma A.25, we have that if
‖h‖2H2 ≤ c(‖T ∗h‖2H1 + ‖Sh‖2H3)
for all h ∈ DT ∗ ∩DS , then
|(g, h)H2 | ≤ c
1
2‖g‖H2‖T ∗h‖H1 ∀g ∈ kerS, h ∈ DT ∗ ∩DS .
Hence, by Lemma A.24, T ∗h −→ (g, h)H2 can be extended to a bounded linear functional
on H1, whose bound is c
1
2 ‖g‖H2 . By Riesz Representation theorem, there exists f ∈ H1
such that
(T ∗h, f)H1 = (h, g)H2 , ∀h ∈ DT ∗ ∩DS .
Since DT ∗ ∩DS is dense in H2, we have
(h, Tf)H2 = (h, g)H2 , ∀h ∈ H2.
By (A.12), the equation Tf = g has a solution. In addition, from the Riesz Representation
theorem, we have
‖f‖H1 ≤ c
1
2‖g‖H2 , f ∈ (ker T )⊥.
In fact,
‖f‖H1 ≤ c
1
2 ‖g‖H2
is the direct consequence of Riesz Representation theorem. To show f ∈ (ker T )⊥,
note that, according to the way that T ∗h → (h, g)H2 is extended to a bounded linear
functional on the entire H1, this functional vanishes on the orthogonal complement of
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{T ∗h |h ∈ DT ∗}, thus f ∈ {T ∗h |h ∈ DT ∗}. If f ∈ limk→∞ T ∗hk, then for every X ∈ ker T ,
we have
(X, f)H1 = lim
k→∞
(X,T ∗hk)H1 = lim
k→∞
(TX, hk)H2 = 0,
hence, f ∈ (ker T )⊥.
In general, the solution of Tf = g is not unique, since f1 ∈ ker T , then
(T ∗h, f + f1)H1 = (T
∗h, f)H1 + (T
∗h, f1)H1
= (T ∗h, f)H1 + (Th, Tf1)H2
= (T ∗h, f)H1 ,
and f, f + f1 are both the solutions of Tf = g. However, f ∈ (ker T )⊥ is the condition to
assure that the above solution to Tf = g is unique.
From the above discussion, we have
Lemma A.26. (cf. [39, Theorem 1.1.4]) If
‖h‖2H2 ≤ c(‖T ∗h‖2H1 + ‖Sh‖2H3),
then Tf = g has a solution to g ∈ kerS. This solution f satisfies the estimate
‖f‖H1 ≤ c
1
2‖g‖H2 , f ∈ (ker T )⊥. (A.16)
We now return to the W˜, d−J -problem discussed above. If ϕ is a continuous function
in Ω, we denote by L2(Ω, ϕ) the space of functions in Ω which are square integrable with
respect to the measure e−ϕdµgJ . This is a subspace of the space L
2(Ω, loc) of functions
in Ω which are locally square integrable with respect to the Lebesgue measure, and it is
clear that every function in L2(Ω, loc) belongs to L2(Ω, ϕ) for some ϕ. By Λk ⊗ L2(Ω, ϕ)
we denote the space of k-forms with coefficients in L2(Ω, ϕ). We set
‖f‖2 =
∫
Ω
|f |2e−ϕdµgJ .
It is clear that L2(Ω, ϕ) is a Hilbert space with this norm.
In our application of the above lemmas, the spaces H1, H2 and H3 will be L
2
2(Ω, ϕ)0,
Λ1R⊗L21(Ω, ϕ) and Λ−J ⊗L2(Ω, ϕ), respectively, T the operator between these space defined
as explained above by the W˜ operator, and let G be the set of all A ∈ Λ1R⊗L21(Ω, ϕ) with
d−J (A) = 0. Let S be the operator from Λ
1
R ⊗ L21(Ω, ϕ) to Λ−J ⊗ L2(Ω, ϕ) defined by d−J .
Then G is the null space of S, and to prove (A.14) it will be sufficient to show that
‖A‖2H2 ≤ C2(‖T ∗A‖2H1 + ‖SA‖2H3), A ∈ DT ∗ ∩DS . (A.17)
To prove this basic inequality, we require the following set steps:
Step 1. The formally adjoint operator, W˜∗, of T = W˜ (for ∂¯-operator cf. L. Ho¨rmander
[39]).
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First, we calculate it in the non weighted space. For all f ∈ C∞(Ω¯) ⊂ DW˜ (where
C∞(Ω¯) is the set of infinitely differentiable functions on some neighborhood of Ω¯), we have
(W˜(f), A) = (f, W˜∗A).
If suppf ⊂ Ω, A = u+ u¯ ∈ Ω1R(Ω¯) (where Ω1R(Ω¯) is the set of infinitely differentiable real
1-forms on some neighborhood of Ω¯), u ∈ Ω0,1J (Ω¯) (where Ω0,1J (Ω¯) is the set of infinitely
differentiable real (0, 1)-forms with respect to the almost complex structure J on some
neighborhood of Ω¯) and d−J (A) = 0, the above equality becomes
(W˜(f), A) = −
∫
Ω
A ∧ d[fω1 + (η1f + η2f + η1f + η2f )]
= −
∫
Ω
d(A) ∧ [fω1 + (η1f + η2f + η1f + η2f )]
= −
∫
Ω
d+J (A) ∧ [fω1 + (η1f + η2f + η1f + η2f )]
−
∫
Ω
d−J (A) ∧ [fω1 + (η1f + η2f + η1f + η2f )]
= −
∫
Ω
d+J (A) ∧ fF
= (f, W˜∗A)
is valid to all f ∈ C∞(Ω¯)0. Thus, the formally adjoint operator of W˜ is
W˜∗A = −2F ∧ d
+
J (A)
F 2
.
Then we define W˜∗ in weighted space by
W˜∗A = −2F ∧ d
+
J (e
−ϕA)
F 2
· eϕ. (A.18)
Step 2. Computing ‖W˜∗A‖2H1 + ‖d−J A‖2H3 , as A ∈ DW˜∗ ∩Dd−J ∩Ω
1
R(Ω¯) (for ∂¯-operator
cf. L. Ho¨rmander [39]).
Using the second canonical connection ∇1 with respect to metric gJ (cf. Appendix
A.1 or [28]), for p ∈ Ω, choose a local moving unitary frame {e1, e2} for T 1,0(Ω) and local
complex coordinate {z1, z2} in a neighborhood of p satisfying ei(p) = ∂
∂zi
|p with respect to
the Hermitian inner product h = gJ −
√−1F (cf. [9]). Denote {θ1, θ2} by the dual frame
of {e1, e2}. Hence
h = gJ −
√−1F = θ1 ⊗ θ¯1 + θ2 ⊗ θ¯2
and
F = θ1 ∧ θ¯1 + θ2 ∧ θ¯2.
By a direct calculation,
d+J (e
−ϕA) ∧ F = [∂J(e−ϕu) + ∂¯J(e−ϕu¯)] ∧ F
= −e−ϕ( ∂ϕ
∂z1
θ1 +
∂ϕ
∂z2
θ2) ∧ (u1θ¯1 + u2θ¯2) ∧ F + e−ϕ∂J(u1θ¯1 + u2θ¯2) ∧ F
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+∂¯J(e
−ϕu¯) ∧ F
= −e−ϕ( ∂ϕ
∂z1
u1θ1 ∧ θ¯1 + ∂ϕ
∂z2
u2θ2 ∧ θ¯2) ∧ F
+e−ϕ(
∂u1
∂z1
θ1 ∧ θ¯1 + ∂u
2
∂z2
θ2 ∧ θ¯2) ∧ F + ∂¯J(e−ϕu¯) ∧ F
= −1
2
e−ϕ(
∂ϕ
∂z1
u1 +
∂ϕ
∂z2
u2)F 2 +
1
2
e−ϕ(
∂u1
∂z1
+
∂u2
∂z2
)F 2 + ∂¯J(e
−ϕu¯) ∧ F,
(A.19)
where u = u1θ¯1 + u
2θ¯2, A = u+ u¯. Thus, by (A.18) and (A.19),
W˜∗A = ∂ϕ
∂z1
u1 +
∂ϕ
∂z2
u2 − ∂u
1
∂z1
− ∂u
2
∂z2
+
∂ϕ
∂z¯1
u¯1 +
∂ϕ
∂z¯2
u¯2 − ∂u¯
1
∂z¯1
− ∂u¯
2
∂z¯2
. (A.20)
Now computing
‖W˜∗A‖2H1 =
∫
Ω
|
∑
i
δiu
i|2e−ϕ =
∑
i,j
∫
Ω
(δiu
i)(δjuj)e
−ϕ,
where δiu
i = ∂u
i
∂zi
− ∂ϕ
∂zi
ui.
d−J (A) = d
−
J (u+ u¯)
= ∂¯Ju+ A¯Ju+ ∂J u¯+AJ u¯
= (
∂u¯2
∂z1
− ∂u¯
1
∂z2
)θ1 ∧ θ2 + (∂u
2
∂z¯1
− ∂u
1
∂z¯2
)θ¯1 ∧ θ¯2
+(AJ2u¯
2 −AJ1u¯1)θ1 ∧ θ2 + (A¯J2u2 − A¯J1u1)θ¯1 ∧ θ¯2, (A.21)
where AJi are the coefficients of AJ which is the linear operator defined in Section 2. So
‖d−J A‖2H3 =
∫
Ω
∑
i<j
(|∂u
j
∂z¯i
− ∂u
i
∂z¯j
|2 + |AJj u¯j −AJiu¯i|2)e−ϕ
=
∑
i,j
∫
Ω
(|∂u
j
∂z¯i
|2 − ∂u
j
∂z¯i
∂u¯i
∂zj
)e−ϕ +
∫
Ω
∑
i<j
|AJj u¯j −AJiu¯i|2e−ϕ.
Hence,
‖W˜∗A‖2H1 + ‖d−J A‖2H3 =
∑
i,j
∫
Ω
|∂u
j
∂z¯i
|2e−ϕ +
∫
Ω
∑
i<j
|AJj u¯j −AJiu¯i|2e−ϕ
+
∑
i,j
∫
Ω
((δiu
i)(δjuj)− ∂u
j
∂z¯i
∂u¯i
∂zj
)e−ϕ. (A.22)
Before continuing discussing, we need a formula which is basically the divergence the-
orem.
Proposition A.27. (for ∂¯ operator, see [39, ChapterII] [40, ChapterIV]) If the boundary
∂Ω = {r = 0} of a bounded domain Ω = {r < 0} ⊂ (R4, J) is differentiable, |dr| = 1 on
∂Ω with respect to the metric gJ , and L =
∑
i ai
∂
∂xi
is a differentiable operator of 1-order
with constant coefficients, then ∫
Ω
Lf =
∫
∂Ω
(Lr)f.
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By the above proposition, we can get∑∫
Ω
f
∂(uie−ϕ)
∂zi
= −
∑∫
Ω
∂f
∂z¯i
u¯ie−ϕ +
∑∫
Ω
∂(fu¯ie−ϕ)
∂z¯i
= −
∑∫
Ω
∂f
∂z¯i
u¯ie−ϕ +
∑∫
∂Ω
∂r
∂z¯i
(fu¯ie−ϕ).
We can reduce the deduced formula above to
(f, δig) = −(∂¯if, g) + ((∂¯ir)f, g)∂Ω, (A.23)
where f, g ∈ C∞(Ω¯), and (·, ·)∂Ω indicates the integral on ∂Ω relative to the weight factor
e−ϕ. By (A.23), ∫
Ω
(δiu
i)(δjuj)e
−ϕ = −(∂¯jδiui, uj) + ((∂¯jr)δiui, uj)∂Ω,∫
Ω
(∂¯iu
j)(∂¯jui)e
−ϕ = −(uj , δi∂¯jui) + ((∂¯ir)uj , ∂¯jui)∂Ω.
Then,
‖W˜∗A‖2H1 + ‖d−J A‖2H3 =
∑
i,j
∫
Ω
|∂u
j
∂z¯i
|2e−ϕ +
∫
Ω
∑
i<j
|AJj u¯j −AJiu¯i|2e−ϕ
+
∑
i,j
((δi∂¯j − ∂¯jδi)ui, uj) +
∑
i,j
∫
∂Ω
(∂¯ir)(δiu
j)u¯ie−ϕ
−
∑
i,j
∫
∂Ω
(∂ir)u¯
j(∂j u¯i)e
−ϕ
=
∑
i,j
∫
Ω
|∂u
j
∂z¯i
|2e−ϕ +
∫
Ω
∑
i<j
|AJj u¯j −AJiu¯i|2e−ϕ
+
∑
i,j
∫
Ω
(∂¯j∂iϕ)u
iu¯je−ϕ +
∑
j
∫
∂Ω
(δiu
j)
∑
i
(∂¯ir)u¯
ie−ϕ
−
∑
i,j
∫
∂Ω
(∂ir)u¯
j(∂j u¯i)e
−ϕ. (A.24)
If we add conditions ∑
i
(∂ir)u
i|∂Ω = 0 (A.25)
to A = u+ u¯, then
‖W˜∗A‖2H1 + ‖d−J A‖2H3 =
∑
i,j
∫
Ω
|∂u
j
∂z¯i
|2e−ϕ +
∫
Ω
∑
i<j
|AJju¯j −AJiu¯i|2e−ϕ
+
∑
i,j
∫
Ω
(∂¯j∂iϕ)u
iu¯je−ϕ −
∑
i,j
∫
∂Ω
(∂ir)u¯
j(∂j u¯i)e
−ϕ.
Step 3. The domination of the boundary term–Morrey’s trick (cf. Morrey [61] or
Ho¨rmander [39, Chapter II]).
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The method is: Let A ∈ DW˜∗ ∩ Ω1R(Ω¯), r = 0 define the boundary of Ω, and the
defining function r be differentiable. Thus
∑
i(∂ir)u
i are local functions, differentiable at
every point. By (A.25), these functions vanish at r = 0, i.e. on ∂Ω. By Taylor expansion,
it can be written as ∑
i
(∂ir)u
i = λr,
where λ is some differentiable function. Taking ∂¯j to both sides to yield∑
i
(∂¯j∂ir)u
i +
∑
i
(∂ir)(∂¯ju
i) = (∂¯jλ)r + λ∂¯jr.
Multiplying u¯j and summing up for j,∑
i,j
(∂¯j∂ir)u
iu¯j +
∑
i,j
(∂ir)(∂¯ju
i)u¯j =
∑
j
r(∂¯jλ)u¯
j +
∑
j
λ(∂¯jr)u¯
j.
Integrating on ∂Ω, noting r = 0 on ∂Ω,
∑
i(∂ir)u
i|∂Ω = 0, to get
−
∑
i,j
∫
∂Ω
(∂ir)(∂¯ju
i)u¯je−ϕ =
∑
i,j
∫
∂Ω
(∂¯j∂ir)u
iu¯je−ϕ.
Then we get
‖W˜∗A‖2H1 + ‖d−J A‖2H3 =
∑
i,j
∫
Ω
|∂u
j
∂z¯i
|2e−ϕ +
∫
Ω
∑
i<j
|AJj u¯j −AJiu¯i|2e−ϕ
+
∑
i,j
∫
Ω
(∂¯j∂iϕ)u
iu¯je−ϕ
+
∑
i,j
∫
∂Ω
(∂¯j∂ir)u
iu¯je−ϕ. (A.26)
Note that we have not made any special restrictions to the choice of ϕ so far. Now we
assume
(1) Ω is a compact J-pseudoconvex domain, i.e.∑
i,j
(∂¯j∂ir)ξ
iξ¯j ≥ 0, ∀
∑
i
(∂ir)ξ
i = 0;
(2) ϕ satisfies that complex Hessian is strictly positive-definite (i.e. ϕ is a strictly
J-plurisubharmonic function (cf. Harvey-Lawson [37] or Appendix A.1)), that is, there
exists c > 0 such that ∑
i,j
(∂i∂¯jϕ)ξ
iξ¯j ≥ c
∑
i
|ξi|2.
Under the two assumptions above, we have proved the following theorem:
Proposition A.28. (for ∂¯-problem see [39, 40]) Let Ω be a compact J-pseudoconvex do-
main. Given a real valued function ϕ ∈ C∞(Ω¯) satisfying ∑i,j(∂i∂¯jϕ)ξiξ¯j ≥ c∑i |ξi|2,
c > 0, then for A ∈ DW˜∗ ∩Dd−J ∩ Ω
1
R(Ω¯), we have
c‖A‖2H2 ≤ ‖W˜∗A‖2H1 + ‖d−J A‖2H3 .
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Recall that in the previous discussion, if for all A ∈ DW˜∗ ∩Dd−J , we have
c‖A‖2H2 ≤ ‖W˜∗A‖2H1 + ‖d−J A‖2H3 ,
then the W˜, d−J -problem of a J-pseudoconvex domain has a solution (which is similar to
the ∂¯-problem in [39,40]). However, Proposition A.28 implies that
c‖A‖2H2 ≤ ‖W˜∗A‖2H1 + ‖d−J A‖2H3
holds for all infinitely differentiable functions in DW˜∗ ∩Dd−J . To prove that this estimate
holds for all A in DW˜∗ ∩ Dd−J , it suffices to show that, ∀A ∈ DW˜∗ ∩ Dd−J there exists a
sequence Aν ∈ DW˜∗ ∩Dd−J ∩ Ω
1
R(Ω¯) such that
Aν → A, W˜∗Aν → W˜∗A, d−J Aν → d−J A.
Note that it is important to prove that this convergence holds at the same time. It is easy
to prove that the first and the third hold. The question becomes to show that the second
holds at the same time. The method presented below is called the regularization method
of K. Friedrichs, first due to K. Friedrichs [26] in 1944, and later further developed by L.
Ho¨rmander [39] in 1965.
Let a domain Ω ⊂ Rn, L be a linear differential operator
L : C∞(Ω¯) −→ C∞(Ω¯).
We want to extend L to L1,
L1 : L
2(Ω) −→ L2(Ω).
There are two ways to do the extension (cf. L. Ho¨rmander [39,40]):
1. The strict extension. L1 is the closed extension of L, that is, L1 = L¯. The definition
is : L1f = g is equivalent to that there exists fν ∈ C∞(Ω¯) such that fν → f , Lfν → g
(the convergence in the sense of L2).
2. The weak extension. The extension is in the sense of distributions, i.e. as f, g ∈ L2.
The definition of Lf = g is:
(g, ϕ) = (f, L∗ϕ)
to every ϕ ∈ C∞(Ω)0.
Theorem A.29. (Friedrichs ) If L is a differential operator of first-order, the weak
extension is equivalent to the strict extension (that is, the weak extension implies the strict
extension).
Remark A.30. It is enough to require that ϕ is a strictly J-plurisubharmonic function.
If J is integrable, then W˜ , d−J -problem becomes ∂¯-problem, hence Proposition A.28 is a
generalization of Theorem 4.2.2 in [40].
Now we return to prove the iequality
c‖A‖2H2 ≤ ‖W˜∗A‖2H1 + ‖d−J A‖2H3 , A ∈ DW˜ ∗ ∩Dd−J .
55
We have proved the case for A ∈ Ω1R(Ω¯). For A ∈ DW˜ ∗ ∩Dd−J , we need to find Aν ∈ Ω
1
R(Ω¯)
so that
Aν → A, W˜∗Aν → W˜∗A, d−J Aν → d−J A.
We can do that by using the smoothing method of K. Friedrichs. Since A ∈ D
W˜ ∗
∩Dd−J ,
W˜∗A and d−J A exists. Note by the definition of W˜∗, W˜∗A = f is in the sense of weak
extension, and d−J is a closed operator, d
−
J A is in the sense of strict extension. Obviously,
sttict extension implies weak one, so, in the sense of distributions ( recall (A.20)-(A.21)),
we have
W˜∗A = ∂ϕ
∂z1
u1 +
∂ϕ
∂z2
u2 +
∂ϕ
∂z¯1
u¯1 +
∂ϕ
∂z¯2
u¯2 − ∂u
1
∂z1
− ∂u
2
∂z2
− ∂u¯
1
∂z¯1
− ∂u¯
2
∂z¯2
, (A.27)
where A = u+ u¯, u = u1θ¯1+u
2θ¯2 ∈ Ω0,1J (Ω¯), {θ1, θ2} is the dual frame of the local moving
unitary frame {e1, e2} for T 1,0(Ω¯);
d−J A = (
∂u¯2
∂z1
− ∂u¯
1
∂z2
)θ1 ∧ θ2 + (∂u
2
∂z¯1
− ∂u
1
∂z¯2
)θ¯1 ∧ θ¯2
+ (AJ2 u¯
2 −AJ1 u¯1)θ1 ∧ θ2 + (A¯J2u2 − A¯J1u1)θ¯1 ∧ θ¯2, (A.28)
where
AJ : Ω
1,0
J (Ω¯)− Ω0,2J (Ω¯), A¯J : Ω0,1J (Ω¯)− Ω2,0J (Ω¯),
are linear operators depending on J (if J is integrable, AJ = 0 = A¯J), AJi , i = 1, 2, are
the coefficients of AJ (more details, see Section 2). There are linear differential equations
of first order. By the smoothing method of Friedrichs (Friedrichs theorem holds for first-
order differential operator), setting Aε = A ∗χε (where A ∗χε is the convolution of A with
respect to mean value function χε, cf. [39, 40]), then
W˜∗Aε → W˜∗A, d−J Aε → d−J A,Aε → A.
Note that Aε which is obtained by quoting Friedrichs regularization method directly, is
contained in Ω1R(Ω¯). However, it is not clear whether it is in DW˜∗ , since that Aε ∈
DW˜∗ ∩ Ω1R(Ω¯) has to satisfy the boundary condition (cf. (A.25)):
2∑
i=1
(∂ir)u
i
ε|∂Ω = 0, Aε = uε + u¯ε. (A.29)
How do all Aε satisfy (A.29) at the same time? In 1965, L. Ho¨rmander [40] further
extended Friedrichs regularization method to satisfy the given boundary conditions.
Assume Ω = {r < 0} ⊂ RN , we consider differential equations system (in the sense of
distribution) on Ω:
N∑
i=1
I∑
j=1
bkijDiuj +
I∑
j=1
ckjuj = fk, 1 ≤ k ≤ I, (A.30)
where Di =
∂
∂xi
, i = 1, · · ·, N , bkij, ckj ∈ C∞(Ω¯). We write them in a matrix form:
Bu+ Cu = f (A.31)
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where u = (u1, · · ·, uI)T , f = (f1, · · ·, fI)T . The actual situation over here is
f =
(
T ∗u
S∗u
)
.
We set the former K0 equations of (A.30) by
B0u+ C0u = f0. (A.32)
Next we see how to describe the boundary conditions. For u ∈ L2(Ω), we denote its
null extension by u˜
u→ u˜ ∈ L2(RN ),
u˜(x) =

u(x), x ∈ Ω,
0, x ∈ RN \ Ω.
(A.33)
We know that u ∈ DT ∗ ⇔ (Tϕ, u) = (ϕ, T ∗u), ∀ϕ ∈ DT . That is∫
Ω
(Tϕ)u =
∫
Ω
ϕ(T ∗u).
In particular, it is true for a C∞ function ϕ with a compact support in RN , but∫
Ω
(Tϕ)u =
∫
Ω
ϕ(T ∗u) =
∫
RN
ϕ(˜T ∗u),
while ∫
Ω
(Tϕ)u =
∫
RN
(Tϕ)u˜,
so ∫
RN
(Tϕ)u˜ =
∫
RN
ϕ(˜T ∗u).
It is true for each C∞ function ϕ with its support in RN , thus
T ∗u˜ = (˜T ∗u). (A.34)
So we consider that the equations and their boundary conditions are
(B + C)u = f,
(B0 + C0)u˜ = f˜0.
(A.35)
We have the following Friedrichs-Ho¨rmander Theorem (cf. L. Ho¨rmander [40, Proposition
1.2.4]): Let u, f ∈ L2(Ω) satisfy (in the sense of distributions) equations
u˜(x) =

(B + C)u = f, B =
(
B0
∗
)
K×I
, C =
(
C0
∗
)
K×I
,
(B0 + C0)u˜ = f˜0, f =
(
f0
∗
)
I×1
,
(A.36)
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where Ω = {r < 0} ⊂⊂ RN . If the ranks of B0(r) at each point in ∂Ω are constants, there
is a sequence of uν ∈ C∞(Ω) such that
uν → u;
Buν + Cuν → f ;
B0u˜ν + C
0u˜ν → ˜B0uν + C0uν .
Now we return to W˜, d−J -problem. In our discussed situations, Ω = {r < 1} ⊂⊂ R4,
T ∗ = W˜∗, S = d−J . For A ∈ DW˜∗ ∩Dd−J ,
f =
( W˜∗A
d−J A
)
.
In terms of local moving unitary dual frame {θ1, θ2},
A = u+ u¯ = u1θ¯1 + u
2θ¯2 + u¯
1θ1 + u¯
2θ2.
By (A.27) and (A.28)
W˜∗A = ∂ϕ
∂z1
u1 +
∂ϕ
∂z2
u2 +
∂ϕ
∂z¯1
u¯1 +
∂ϕ
∂z¯2
u¯2 − ∂u
1
∂z1
− ∂u
2
∂z2
− ∂u¯
1
∂z¯1
− ∂u¯
2
∂z¯2
,
d−J A = (
∂u¯2
∂z1
− ∂u¯
1
∂z2
)θ1 ∧ θ2 + (∂u
2
∂z¯1
− ∂u
1
∂z¯2
)θ¯1 ∧ θ¯2
+ (AJ2 u¯
2 −AJ1 u¯1)θ1 ∧ θ2 + (A¯J2u2 − A¯J1u1)θ¯1 ∧ θ¯2.
The 1-form A can be written as a vector: A1 = (u
1, u2, u¯1, u¯2)T . Hence we have a matrix
equation
f1 =
(
B0A1 + C
0A1
DA1 + EA1
)
,
which is equivalent to
f =
( W˜∗A
d−J A
)
.
It is easy to see that
B0 = (− ∂
∂z1
− ∂
∂z2
− ∂
∂z¯1
− ∂
∂z¯2
),
C0 = (
∂ϕ
∂z1
∂ϕ
∂z2
∂ϕ
∂z¯1
∂ϕ
∂z¯2
), K0 = 1,
D =
(
0 0 − ∂∂z2 ∂∂z1
− ∂∂z¯2 ∂∂z¯1 0 0
)
, E =
(
0 0 −AJ1 AJ2
−A¯J1 A¯J2 0 0
)
.
By Friedrichs-Ho¨rmander Theorem, having proved that for a J-pseudoconvex domain
Ω in a tamed almost complex 4-manifold (M,J), if ϕ ∈ C∞(Ω¯) satisfies∑
i,j
(∂i∂¯jϕ)ξ
iξ¯j ≥ c
∑
i
|ξi|2, c > 0,
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then for A ∈ DW˜∗ ∩Dd−J , we have
c‖A‖2H2 ≤ ‖W˜∗A‖2H1 + ‖d−J A‖2H3 .
Combining the former part of this subsection, we solved the W˜, d−J -problem (as the ∂¯-
problem in classical complex analysis) of J-pseudoconvex domain in the sense of distribu-
tion (for ∂¯-problem see [39,40]).
Theorem A.31. Let Ω be a compact J-pseudoconvex domain in a tamed almost complex
4-manifold. Given a real valued function ϕ ∈ C∞(Ω¯) satisfies∑
i,j
(∂i∂¯jϕ)ξ
iξ¯j ≥ c
∑
i
|ξi|2, c > 0,
then for all A ∈ Λ1R⊗L21(Ω, ϕ) and satisfy d−J (A) = 0, then there exists f ∈ L22(Ω, ϕ)0 such
that
W˜(f) = A, ‖f‖H1 ≤
1√
c
‖A‖H2 .
Remark A.32. 1. As in classical complex analysis, there is the regularity properties of
the solution, i.e., when A has enough differentiability, the solution f to W˜(f) = A must
have appropriate differentiability (for ∂¯-problem, see J. J. Kohn [51,52]). A stronger result
is: For a strictly pseudoconvex domain Ω, W˜(f) = A. If A ∈ Ω1R(Ω¯), then f ∈ C∞(Ω¯).
2. It is well known that ∂¯-problem in classical complex analysis is for any dimension.
It is natural to ask that could we consider W˜, d−J -problem for higher dimensional almost
Ka¨hler manifolds.
A.4 The singularities of J-plurisubharmonic functions on tamed almost
complex 4-manifolds
The goal of this subsection is to study singularities of J-plurisubharmonic functions on
tamed almost complex 4-manifolds as in classical complex analysis. F. Elkhadhra had the
following result (cf. [23, Proposition 1]):
Let Ω be an open set of R2n equipped with an almost complex structure J of class C1.
Let N be a C2 submanifold of codimension 2k such that J(TN) = TN . Then for every
x0 ∈ N there exists an open neighborhood U of x0 and functions f1, · · ·, fk of class C2 on
U such that
N ∩ U = {x ∈ U | f1(x) = · · · = fk(x) = 0, ∂¯Jfj = 0
on N ∩ U, and ∂Jf1 ∧ · · · ∧ ∂Jfk 6= 0 on U}.
Moreover there exists a J-plurisubharmonic function u on U of class C2 on U\N such that
N ∩ U = {u = −∞}.
In fact, if (M,J) is an almost complex manifold, and f a J-holomorphic function at
some point p ∈ M . Then, for all vector fields X,Y , df(NJ(X,Y )) = 0 at p, where NJ
is the Nijenhuis tensor (cf. Lemma 3.2 in Wang-Zhu [79]). Note that if there exist n J-
holomorphic functions on a real 2n-dimensional almost Hermitian manifold (M,g, J) which
are independent at some point p ∈ M , then the Nijenhuis tensor NJ identically vanishes
59
at p. This means that an integrable complex structure is one with many holomorphic
functions. It is a hard theorem (Newlander-Nirenberg integrability theorem for almost
complex structures) that the converse is also true. In general, an almost complex manifold
has no holomorphic functions at all. On the other hand, it has a lot of J-holomorphic
curves (i.e., maps u : C→ (M,g, J) such that df ◦ i = J ◦ df) (cf. M. Gromov [32]).
As done in Theorems 4.4.2-4.4.5 of L. Ho¨rmander [40], we study a J-plurisubharmonic
function ϕ which is not identically −∞ on a connected J-pseudoconvex open set Ω, then
e−ϕ is locally integrable in a dense open subset of Ω. Therefore we have the following
theorem:
Theorem A.33. Suppose that (M,J) is an almost complex 4-manifold which is tamed by
symplectic form ω1 = F + d
−
J (v+ v¯), where F is the fundamental 2-form on M . gJ(·, ·) :=
F (·, J ·) is an almost Hermitian metric on M . Let ϕ be a strictly J-plurisubharmonic
function on a J-pseudoconvex open set Ω ⊂ M . If p ∈ Ω, there exists a neighborhood
of p such that the set of points of which e−ϕ is not integrable in this neighborhood is a
J-analytic subset of Ω of dimension (complex) ≤ 1.
Remark A.34. According to Gromov’s fundamental theory of J-holomorphic curves [32],
almost complex submanifolds of complex dimension one always exist locally in a given
almost complex manifold (there are no local obstructions). These curves can be realized
globally as images of Riemann surfaces under J-holomorphic maps. In higher dimension,
even through the existence of almost submanifolds can be obstructed. Donaldson [15] has
shown that every compact symplectic manifold admits symplectic submanifolds which is
done by approximating a compatible almost complex structure. It is natural to ask the
following question: Could one generalize Theorem A.33 to higher dimensional symplectic
manifolds for closed positive (1, 1)-currents or (n − 1, n − 1)-currents (n > 2).
Proof of Theorem A.33: Since any almost complex 4-manifold has the local symplectic
property (cf. [54]), there exists an open set Up ⊂ Ω and a symplectic form ωp on Up such
that F |p = ωp|p. Hence we choose a Darboux coordinate chart
{(z1, z2) | z1(p) = z2(p) = 0}
for the symplectic form ωp. Without loss of generality, we may assume that Up is the
Darboux coordinate chart (see [2]). Let
g′J(·, ·) := ωp(·, J ·), g0(·, ·) := ωp(·, Jst·),
then g′J(p) = g0(p) = gJ (p). Since
ddcJst(|z1|2 + |z2|2) = 2
√−1(dz1 ∧ dz¯1 + dz2 ∧ dz¯2),
|z1|2 + |z2|2 is a strictly plurisubharmonic function in classical sense on the Darboux co-
ordinate chart. Let
Br(p) := {|z1|2 + |z2|2 < r} ⊂ Up
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and Br(p) is a strictly pseudoconvex domain. ‖J − Jst‖ is small on Br(p) when r is small
enough (cf. [14, 15,37,74]). Indeed, we can get
g′J |Br(p) = g0|Br(p) · eh, (A.37)
where h is a symmetric J-anti-invariant (2, 0) tensor (cf. Kim [44], also see Tan-Wang-
Zhou [74]) and g0e
h is defined by g0e
h(X,Y ) = g0(X, e
g′−1J hY ). Here g′−1J h is the lifted
(1, 1) tensor of h with respect to g′J and e
g′−1J h is identity at point p. Hence, when r is
small enough, ϕ + log(1 + |z|2)2 is a strictly plurisubharmonic function in classical sense
on Br(p). Without loss of generality, we may assume that r = 1.
To complete the proof of Theorem A.33, we need the following propositions:
Proposition A.35. (cf. Ho¨rmander [40, Theorem 4.4.3]) Let ψ be a plurisubharmonic
function in classical sense on B1(p) such that
|ψ(z) − ψ(z′)| < c, z, z′ ∈ B1(p)
for some constant c. Let V be a complex linear subspace of C2 of codimension k, k = 0, 1, 2.
For every holomorphic function g on V ∩B1(p) such that∫
V ∩B1(p)
|g|2e−ψdλ <∞,
where dλ denotes the volume form of V , there exists a holomorphic function f on B1(p)
such that f |V ∩B1(p) = g and∫
B1(p)
|f |2e−ψ(1 + |z|2)−3kdµg′J ≤ 9
kπkekc
∫
V ∩B1(p)
|g|2e−ψdλ. (A.38)
Note that dµg′
J
= dµg0 = ω
2
p/2 is the volume form on B1(p) since J and Jst are ωp-
compatible; and on B1(p), for any q ∈ B1(p), F (q) = Lp(q)ωp(q), where Lp(q) is a positive
function on B1(p), Lp(p) = 1.
By Proposition A.35, we have the following proposition:
Proposition A.36. (cf. Ho¨rmander [40, Theorem 4.4.4]) Let ψ be a plurisubharmonic
function in classical sense on B1(p). If z
0 ∈ B1(p) and e−ψ is integrable in a neighborhood
of z0 one can find a holomorphic function f in B1(p) such that f(z
0) = 1 and∫
B1(p)
|f(z)|2e−ψ(1 + |z|2)−6dµg′J <∞.
Let (Σ, jΣ) be a compact Riemann surface. A smooth map u : (Σ, jΣ) → (M,J) is
called a J-holomorphic curve if the differential du is a complex linear map with respect to
jΣ and J :
J ◦ du = du ◦ jΣ. (A.39)
Hence
∂¯Ju(X) =
1
2
[du(X) + J(u)du(jΣX)] = 0
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if u is a J-holomorphic curve. Recall that the energy of a smooth map u : Σ −→
(B1(p), g
′
J , J) is defined as the L
2-norm of the 1-form du ∈ Ω1(Σ, u∗TM):
EJ(u) :=
1
2
∫
Σ
|du|2JdvolΣ.
Here the norm of the (real) linear map
L := du(z) : TzΣ→ Tu(z)B1(p)
is defined by
|L|J := ξ|−1
√
|L(ξ)|2J + |L(jΣξ)|2J (A.40)
for 0 6= ξ ∈ TzΣ, where |L(ξ)|2J = g′J(ξ, ξ). By Lemma 2.2.1 in McDuff-Salamon [60],
EJ(u) =
∫
Σ
|∂¯Ju|2JdvolΣ +
∫
Σ
u∗ωp. (A.41)
Hence a J-holomorphic curve u : Σ −→ (B1(p), g′J , J) is a minimal surface with respect
to the metric g′J . Note that a smooth map u : Σ −→ (M,g, J) (an almost Hermitian
manifold) is a J-holomorphic curve if and only if it is conformal with respect to g, i.e. its
differential preserves angles or, equivalently, it preserves inner products up to a common
positive factor. In our case, gJ and g
′
J are in the same conformal class since F |B1(p)
and ωp are in the same conformal class since for any q ∈ B1(p), F (q) = Lp(q)ωp(q),
where Lp(q) is a positive function on B1(p), Lp(p) = 1. Therefore, a J-holomorphic curve
u : Σ −→ (B1(p), g′J , J) is also a minimal surface with respect to the almost Hermitian
metric gJ .
We now return to the proof of Theorem A.33. The set of non integrability points of
e−ϕ is the intersection of all hypersurfaces f−1(0) defined by holomorphic functions such
that ∫
B1(p)
|f |2(1 + |z|2)−6e−ϕdµg′J <∞. (A.42)
Indeed f must vanish at any non integrability point, and on the other hand Proposition
A.36 shows that one can choose f(z0) = 1 at any integrability point z0. Suppose that
z0 ∈ f−1(0), where f is a holomorphic function on B1(p). Then there exists a holomorphic
curve uf : Σ −→ (B1(p), g0, Jst) passing through point z0. Nijenhuis and Woolf (cf. [62,
Theorem III]) proved the following result: Let J be an almost-complex structure on a
manifold X of real dimension 2n, of class Ck,λ (k ≥ 0 is integer, 0 < λ < 1). Then for
every point x of X and every complex tangent vector v, there is a J-holomorphic curve of
class C1,λ passing through x with tangent vector v at x. Every such curve is actually of
class Ck+1,λ.
Hence, there exists a J-holomorphic curve u′f : Σ
′ → B1(p) passing through z0 ∈ B1(p)
which is contact uf : Σ → B1(p) at z0, that is, Tz0u′f (Σ′) = Tz0uf (Σ). In fact, one
can obtain a bijective corresponding between small enough J-holomorphic discs and usual
holomorphic discs (see Diederich-Sukhov [14, p.334] for details).
Therefore, the set of non integrability points of e−ϕ is the intersection of all J-
holomorphic curves u′f : Σ
′ → (B1(p), J) which are minimal surfaces with respect to
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the almost Hermitian metric gJ . Thus, the set of points in the neighborhood of which e
−ϕ
is not integrable is a J-analytic subset of Ω of dimension (complex)≤ 1. This completes
the proof of Theorem A.33. 
Appendix B Siu’s decomposition theorem on tamed almost
complex 4-manifolds
As done in classical complex analysis, we define Lelong number for closed, positive almost
complex (1, 1)-currents (almost Ka¨hler currents). We will discuss basic properties of al-
most Ka¨hler currents and prove Siu’s decomposition theorem on tamed almost complex
4-manifolds. Our argument follows J.-P. Deamilly [13].
B.1 Lelong numbers of closed positive (1, 1)-currents on tamed almost
complex 4-manifolds
In this subsection, we will study closed, positive almost complex (1, 1)-currents on almost
complex 4-manifolds. Note that any almost complex 4-manifold (M,J) has the local
symplectic property [54], that is, ∀p ∈ M , there are a neighborhood Up of p and a closed
J-compatible 2-form ωp on Up such that dωp = 0 and ωp ∧ ωp > 0 on Up. We may assume
without loss of generality that Up is a star shaped strictly J-pseudoconvex open set, by
Poincare´ Lemma, there is a vector field ξp on Up such that iξpωp = αp and ωp = dαp. The
fundamental theorem of Darboux [2, 22] shows that there are a neighborhood U ′p ⊂⊂ Up
of p and diffeomorphism Φp from U
′
p onto Φp(U
′
p) ⊂ C2 ∼= R4 such that ωp|U ′p = Φ∗pω0,
where Φp(p) = 0 ∈ C2. Since the concepts we are going to study mostly concern the
behaviour of currents or J-plurisubharmonic functions in a neighbordhood of a point on
an almost complex 4-manifold (M,J), we may assume that (M,gJ , J, ω) is an almost
Ka¨hler 4-manifold, where gJ (·, ·) = ω(·, J ·). Moreover, without loss of generality, we
may assume that M is an open subset of C2. Then the J-plurisubharmonic, standard
plurisubharmonic and Hermitian plurisubharmonic on M are equivalent. Let φ : M →
[−∞,∞) be a continuous J-plurisubharmonic function (our continuity assumption means
that eφ is continuous). We say that a J-plurisubharmonic function φ is semi-exhaustive if
there exists a real number c such that Bc,φ ⊂⊂M , where
Bc,φ := {x ∈M |φ(x) < c}.
Similarly, φ is said to be semi-exhaustive on a closed subset A ⊂M if there exists c such
that A ∩ Bc,φ ⊂⊂ M . We are interested especially in the set of poles {φ = −∞}. Let T
be a closed positive current of bidimension (1, 1) on M . Assume that φ is semi-exhaustive
on SuppT and that Bc,φ ∩ SuppT ⊂⊂M .
Definition B.1. (cf. Demailly [13, Definition (5.4) in Chapter 3]) Let (M,gJ , J, ω) be an
almost Ka¨hler 4-manifold. If φ is semi-exhaustive on SuppT and Bc,φ ∩ SuppT ⊂⊂ M ,
we set for r ∈ (−∞, c)
ν(φ, r, T ) =
∫
Br,φ
T ∧ (ddcJφ)
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and
ν(φ, T ) = lim
r→−∞ ν(φ, r, T ).
The number ν(φ, T ) will be called the generalized Lelong number of T with respect to the
weight φ.
As in cassical complex analysis (cf. [13, 31]), the above limit exists because ν(φ, r, T )
is a monotone increasing function of r.
Proposition B.2. (cf. Demailly [13, Formula (5.5) in Chapter 3]) For any convex in-
creasing function χ : R→ R we have∫
Br,φ
T ∧ (ddcJχ ◦ φ) = χ′(r − 0)ν(φ, r, T )
where χ′(r − 0) denotes the left derivative of χ at r.
Proof. For a detailed proof of the above Proposition, we refer to Formula (5.5) in Chapter
3 of [13].
We get in particular ∫
Br,φ
T ∧ (ddcJe2φ) = 2e2rν(φ, r, T ),
whence the formula
ν(φ, r, T ) = e−2r
∫
Br,φ
T ∧ (1
2
ddcJe
2φ). (B.1)
Suppose p ∈ SuppT , then we define the Lelong number of T with respect to the weight
function ϕ = log ρg(p, q),
ν(ϕ, r, T ) =
∫
Br,ϕ
T ∧ (ddcJϕ)
and
ν(p, T ) = lim
r→−∞ ν(ϕ, r, T ).
The number ν(p, T ) will be called the Lelong number of T at point p. Then Formula (B.1)
gives
ν(ϕ, log r, T ) = r−2
∫
ρg(p,q)<r
T ∧ 1
2
ddcJρ
2
g(p, q)
= r−2
∫
ρg(p,q)<r
T ∧ √−1∂J ∂¯Jρ2g(p, q).
The positive measure σT = T ∧
√−1∂J ∂¯Jρ2g(p, q) is called the trace measure of T (cf.
Demailly [13]). We get
ν(ϕ, log r, T ) =
σT (B(p, r))
r2
(B.2)
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and ν(p, T ) is the limit of this ratio as r → 0. The ratio σT (B(p,r))r2 is an increasing
function of r. If T is smooth at p, then σT (B(p, r)) is bounded near the point p and
σT (B(p, r)) = O(r
4). Hence,
ν(p, T ) = lim
r→0
σT (B(p, r))
r2
= lim
r→0
O(r2) = 0.
It is similar to the case of J being integrable (cf. [13, 31, 45, 70]) that ν(p, T ) ≥ 0 and
is identically equal to zero in case T is a smooth current. Also, as in classical complex
analysis (cf. [13, 31]), we have the following proposition
Proposition B.3. According to the above definition, we have
ν(p, T ) = lim
r→0
2
r2
∫
ρg(p,q)<r
T ∧ ω. (B.3)
Proof. We have the result of K. Diederich and A. Sukhov (cf. Lemma 2.1 in [14]): Let
(M,J) be an almost complex manifold. Then for every point p ∈ M , every α ≥ 0 and
λ0 > 0 there exists a neighborhood U of p and a coordinate diffeomorphism z : U → B
such that z(p) = 0, dz(p) ◦J(p) ◦ dz−1(0) = Jst and the direct image z∗(J) = dz ◦J ◦ dz−1
satisfies ‖ z∗(J)− Jst ‖Cα(B¯)≤ λ0.
Now, let (M,gJ , J, ω) be an almost Ka¨hler 4-manifold. For any p ∈ M , there exists a
Darboux coordinate {z1, z2} on a small neighborhood Up of p such that
ω =
√−1
2
(dz1 ∧ dz¯1 + dz2 ∧ dz¯2) =
√−1
2
∂Jst ∂¯Jst |z|2 =
√−1
2
∂Jst ∂¯Jst(z1z¯1 + z2z¯2).
Choose α = 1, λ0 = 1. When r is small, for
∀z ∈ B(0, r) := {z ∈ Up | ρgJ (0, z) < r},
we have ‖ z∗(J)− Jst ‖C1≤ 1 and
(ddcJ − ddc)|z|2 = d(Jst − J)d|z|2
= d(Jst − J)(z1 · dz¯1 + dz1 · z¯1 + z2 · dz¯2 + dz2 · z¯2).
Hence
|(ddcJ − ddc)|z|2| ≤ c|z|,
where c is a positive constant. Then
1
r2
∫
ρgJ (0,z)<r
T ∧ √−1∂Jst ∂¯Jst |z|2 =
1
r2
∫
ρgJ (0,z)<r
T ∧ √−1∂J ∂¯J |z|2
+O(r) · 1
r2
∫
ρgJ (0,z)<r
T ∧ √−1∂J ∂¯J |z|2.
Therefore
lim
r→0
1
r2
∫
ρgJ (0,z)<r
T ∧ √−1∂Jst ∂¯Jst |z|2 = lim
r→0
1
r2
∫
ρgJ (0,z)<r
T ∧ √−1∂J ∂¯J |z|2. (B.4)
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On the other hand, let (x1, · · ·, x4) be the normal coordinates of gJ in a neighborhood
U of the point p. Then gJ,kl have the following Taylor expansion (cf. Schone-Yau [67]):
gJ,kl(x) = δkl +
1
3
Rkijlx
ixj +
1
6
Rkijl,sx
ixjxs +O(r4),
where all the curvatures and their covariant derivatives are evaluated at p. If q ∈ U ,
ρgJ (p, q) =
∫ 1
0
|γ′(t)|gJ (γ(t))dt,
where γ is the geodesic connecting points p and q. Hence,
ρgJ (p, q) =
∫ 1
0
√
gJ (γ(t))(γ′(t), γ′(t))dt
=
∫ 1
0
√
gJ,kl(tx)xkxldt
=
∫ 1
0
√
[δkl +
1
3
Rkijltxitxj +O(r3)]xkxldt
=
∫ 1
0
√
|x|2 + t
2
3
Rkijlxixjxkxl +O(r5)dt
=
∫ 1
0
|x|
√
1 +
t2
3 Rkijlx
ixjxkxl +O(r5)
|x|2 dt
=
∫ 1
0
[|x|+ t
2Rkijlx
ixjxkxl
6|x| +O(r
4)]dt
= |x|+ Rkijlx
ixjxkxl
18|x| +O(r
4).
Therefore,
ρ2gJ (p, q) = |x|2 +
1
9
Rkijlx
ixjxkxl +O(r5),
and
ρ2gJ (p, q)− |x|2 =
1
9
Rkijlx
ixjxkxl +O(r5) = O(r4).
In fact, ρ2gJ (p, q) is strictly J-plurisubharmonic near p (cf. Ivashkovich-Rosay [41, Lemma
1.3]). Then we can get
1
r2
∫
ρgJ (0,z)<r
T ∧ √−1∂J ∂¯Jρ2gJ (p, q) =
1
r2
∫
ρgJ (0,z)<r
T ∧ √−1∂J ∂¯J |z|2
+O(r2) · 1
r2
∫
ρgJ (0,z)<r
T ∧ √−1∂J ∂¯J |z|2,
and
lim
r→0
1
r2
∫
ρgJ (0,z)<r
T ∧ √−1∂J ∂¯Jρ2gJ (p, q) = limr→0
1
r2
∫
ρgJ (0,z)<r
T ∧√−1∂J ∂¯J |z|2. (B.5)
At last, by (B.4) and (B.5),
lim
r→0
1
r2
∫
ρgJ (0,z)<r
T ∧ √−1∂J ∂¯Jρ2gJ (p, q) = limr→0
1
r2
∫
ρgJ (0,z)<r
T ∧√−1∂Jst ∂¯Jst |z|2.
This completes the proof of the proposition.
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All these results are particularly interesting when TΣ is the current of integration over
a J-holomorphic curve. Then σT (B(p, r)) is the Euclidean area of Σ ∩ B(p, r), while πr2
is the area of a disc of radius r. Then it is immediate to check that
ν(p, TΣ) =
{
0 if p /∈ Σ,
1 if p ∈ Σ.
In [24], Elkhadhra has studied the Lelong number of a positive current T of bidimension
(p, p) defined on an almost complex manifold. In particular, he has proven that the Lelong
numbers of a positive current are independent on the coordinate systems (cf. Elkhadhra
[24, Theorem 3]). Thus, we have the following proposition:
Proposition B.4. (cf. [13, 24, 70]) The Lelong number, ν(φ, T ), is independent of the
choice of local coordinates.
We are going to introduce the notions of J-pluripolar subset and J-analytic subset
in an almost complex 2n-manifold (X,J). Such subsets should be considered as almost
complex analogues of “classical” complex case. In general, J-pluripolar subsets are the
sets of −∞ poles of J-plurisubharmonic functions.
Definition B.5. (cf. [13,23]) A subset A of an almost complex 2n-manifold (X,J) is said
to be J-pluripolar if for every point x ∈ X there exist a connected neighborhood U of x
and u ∈ PSH(X,J), u 6≡ −∞, such that A ∩ U ⊂ {y ∈ U | u(y) = −∞}.
A subset A ⊂ X is said to be complete J-pluripolar in X if for every point x ∈ X
there exist a neighborhood U of x and u ∈ PSH(X,J) ∩ L1loc(U) such that A ∩ U ⊂
{y ∈ U | u(y) = −∞}. A is said to be regular complete J-pluripolar if there exists a J-
plurisubharmonic function u on X, of class C2 on X \u−1(−∞) such that A = u−1(−∞).
Remark B.6. In the case when the structure J is integrable, El Mir [20] proved that every
complete (J-)pluripolar subset is regular.
Let (X,J) be an almost complex manifold, A a closed subset of X and T a current of
order zero on X \A. One says that T admits a trivial extension T˜ on X if T has a locally
finite mass in the neighborhood of every point of A, in which case T˜ can be defined by
putting T˜ = 0 on A; the existence of some extension T ′ is in any case equivalent to the
local finiteness of the mass of T near A. In [23], F. Elkhadhra presented a generalization of
El Mir’s theorem [20] on the extension of positive currents across a complete J-pluripolar
subset, in the almost complex setting. For a detailed description of the almost complex
version of El Mir’s theorem, we refer to Theorem 1 in [23]. Here, we mainly want to apply
its corollary, hence, we have the following proposition:
Proposition B.7. (cf. Elkhadhra [23, Corollary 1]) Let T is a closed positive current of
bidimension (1, 1). If A ⊂ X is a closed regular complete J-pluripolar set and idA is its
characteristic function, then idAT is a closed positive current.
It is well known that if J is integrable, every (J-)analytic subset is a regular com-
plete (J-)pluripolar set. But this is not yet established in the non-integrable case. As a
generalization of classical complex analysis, we have the following definition:
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Definition B.8. (cf. Elkhadhra [24]) We say that A is a J-analytic subset of an almost
complex 2n-manifold (X,J) of dimension p if there exists a finite sequence of closed subsets
∅ = A−1 ⊂ A0 ⊂ · · · ⊂ Ap = A,
where Aj \Aj−1 is a smooth almost complex submanifold of X\Aj−1, of complex dimension
j and has a locally finite 2j-Hausdorff measure in the neighborhood of every point of X.
We say that A is of pure complex dimension p if moreover we have Aj−1 ⊂ Aj \Aj−1, for
j = 0, 1, 2, · · ·, p. If the p-dimensional strata Ap \ Ap−1 are connected we say that A is
irreducible.
Notice that the definition for the almost complex setting does coincide with the usual
analytic subsets in the integrable case. In order to justify the above definition let us
recall that every closed J-holomorphic curve A of (X,J) is J-analytic. Indeed, we write
∅ = A−1 ⊂ A0 ⊂ A1 = A, where A0 is the singular part of A which is discrete. More
generally, every almost complex submanifold is a J-analytic subset. As in classical complex
analysis, we have the following lemma:
Lemma B.9. (cf. Demailly [13, Lemma 8.15 in Chapter 3]) If T is a closed positive
current of bidimension (1, 1) on a almost Ka¨hler 4-manifold (X, gJ , J, ω) and let A be an
irreducible J-analytic set, we set
mA := inf{ν(x, T ) | x ∈ A}.
Then ν(x, T ) = mA for x ∈ A\∪Aj , where (Aj) is a countable family of proper J-analytic
subsets of A. We say that mA is the generic Leong number of T along A.
Proof. The upperlevel sets of the Lelong number is defined by
Ec(T ) := {x ∈ X | ν(x, T ) ≥ c}.
By definition of mA and Ec(T ), we have ν(x, T ) ≥ mA for every x ∈ A and
ν(x, T ) = mA
on A \⋃c∈Q,c>mA A∩Ec(T ). However, for c > mA, the intersection A∩Ec(T ) is a proper
J-analytic subset of A.
According to Definition B.8, this enables us to deduce without difficulty that every J-
analytic subset A is a locally regular complete J-pluripolar subset away from the singular
part of A. Obviously, a natural question arises here: Is every J-analytic subset a (locally)
regular complete J-pluripolar set? What would happen if closed positive currents are
restricted to J-analytic subsets? Although this is a well-known result when J is integrable.
Our next result concerns the restriction of closed positive currents on J-analytic subsets.
First, recall that in terms of currents, if A is a J-analytic subset of complex dimension
p then TA defines a closed positive (p, p)-current by integrating (p, p) test forms on the
components of A of dimension 2p. More precisely, assume that
∅ = A−1 ⊂ A0 ⊂ · · · ⊂ Ap = A
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is a sequence as in Definition B.8 and let Y = Ap\Ap−1. Since Y is a smooth almost
complex submanifold ofX\Ap−1, then the integration on Y defines a positive closed current
onX\Ap−1. When A is a J-analytic subset of complex dimension p, we obtain the following
proposition.
Proposition B.10. (cf. Elkhadhra [24, Lemma 1]) Assume that T is a positive closed
current of bidimension (p, p) on almost complex manifold (X,J), and A is a J-analytic
subset of complex dimension p, then the cut-off idAT is also a positive and closed current
supported by A.
Notice also that by the same idea of Proposition B.10, we can easily see that the current
of integration TA on a J-analytic subset is positive and closed.
Proposition B.11. (cf. Elkhadhra [24, Theorem 2]) Let T be a closed positive current of
bidimension (p, p) on an almost Ka¨hler manifold (X,J). Let A be a J-analytic subset of
(X,J) of dimension p. Then, we have
idAT = mATA,
in particular T −mATA is positive.
Remark B.12. Elkhadhra proved the above proposition on the almost complex manifold
in [24]. Since our Lelong number is defined on the almost Ka¨hler manifold in this paper,
we describe Elkhadhra’s result on the almost Ka¨hler manifold.
The purpose of the remainder of this subsection is to give two other definitions of
Lelong number on tamed closed almost complex 4-manifolds. Suppose that (M,J) is an
almost complex 4-manifold tamed by a symplectic 2-form ω1 = F + d
−
J (v + v¯), where
v ∈ Ω0,1J and F is a fundamental 2-form. Let gJ(·, ·) = F (·, J ·) be an almost Hermitian
metric and dµgJ the volume form. Suppose that ρgJ (p, q) is the geodesic distance of points
p, q with respect to gJ (cf. Chavel [9]). Denote by
B(p, r) := {q ∈M | ρgJ (p, q) ≤ r}.
Definition B.13. If p ∈ SuppT , T is a closed positive (1, 1)-current on a closed almost
complex 4-manifold tamed by a symplectic form ω1 = F + d
−
J (v + v¯), v ∈ Ω0,lJ , we define
the Lelong number as follows
ν1(p, ω1, r, T ) =
2
r2
∫
B(p,r)
T ∧ ω1
and
ν1(p, T ) = lim
r→0
ν1(p, ω1, r, T ).
Notice that as in the almost Ka¨hler case, ν1(p, ω1, r, T ) is an increasing function of
r. On the other hand, any almost complex 4-manifold (M,J) has the local symplectic
property [54], that is, ∀p ∈ M , there is a neighborhood Up of p and a J-compatible
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symplectic form ωp on Up such that ωp|p = F |p and F = fpωp, fp ∈ C∞(Up). Fix a point
q ∈ Up. Moreover, we assume that r is small enough such that B(q, r) ⊂ Up. It is similar
to Definition B.1, in particular (B.3), on symplectic 4-manifold (Up, ωp), we can define
Lelong number as follows,
Definition B.14. If p ∈ SuppT , T is a closed positive (1, 1)-current on a closed almost
complex 4-manifold, we define
ν2(q, ωp, r, T ) =
2
r2
∫
B(q,r)
T ∧ ωp,
and
ν2(q, p, T ) = lim
r→0
ν2(q, ωp, r, T ).
Note that
ν1(q, ω1, r, T ) =
2
r2
∫
B(q,r)
T ∧ ω1 = 2
r2
∫
B(q,r)
T ∧ F = 2
r2
∫
B(q,r)
fpT ∧ ωp,
we will get the following comparison theorem:
Theorem B.15. Let T be a closed positive (1, 1)-current on a closed almost complex 4-
manifold tamed by symplectic form ω1. If p ∈ SuppT , then ν1(q, T ) = fp(q)ν2(q, p, T ) for
any q which is very close to p. Moreover, there exists a constant c > 1 depending on ω1
such that c−1ν2(q, p, T ) ≤ ν1(q, T ) ≤ cν2(q, p, T ), ∀q ∈ SuppT ∩ Up ⊆M .
Proof. Since fp is smooth on Up, fp can achieve the maximum and minimum values on
B(q, r). Assume that Mr and mr are the maximum and minimum values of fp on B(q, r),
respectively. Thus,
mr
2
r2
∫
B(q,r)
T ∧ ωp ≤ ν1(q, ω1, r, T ) = 2
r2
∫
B(q,r)
fpT ∧ ωp ≤Mr 2
r2
∫
B(q,r)
T ∧ ωp.
It is easy to see that limr→0Mr = limr→0mr = fp(q). Taking the limit of both sides of
the above inequality, for q ∈ SuppT ∩ Up, we can get
fp(q)ν2(q, p, T ) ≤ ν1(q, T ) ≤ fp(q)ν2(q, p, T ).
Hence, we obtain ν1(q, T ) = fp(q)ν2(q, p, T ), in particular ν1(p, T ) = ν2(p, p, T ), since
fp(p) = 1. Note that M is a closed almost complex 4-manifold which has local symplectic
property, so we can find a finite open symplectic covering {(Up1 , ωp1), · · · , (Upk , ωpk)} of
M .
Remark B.16. (1) Let T be a closed positive (n − 1, n − 1)-current on a closed almost
complex 2n-manifold tamed by a symplectic form ω. If p ∈ SuppT , we define
ν1(p, ω, r, T ) =
2
r2
∫
B(p,r)
T ∧ ω,
and ν1(p, T ) = limr→0 ν1(p, ω, r, T ).
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(2) Let T be a closed positive (p, p)-current on a closed almost Ka¨hler 2n-manifold
(M,g, J, ω). If q ∈ SuppT , we define
ν(q, ω, r, T ) =
2
r2n−2p
∫
B(q,r)
T ∧ ωn−p
and ν(q, T ) = lim
r→0
ν(q, ω, r, T ).
B.2 Siu’s decomposition formula of closed positive (1, 1)-currents on
tamed almost complex 4-manifolds
T. Rivie`re and G. Tian [64] have obtained a very important result on the singular set of
(1, 1) integral currents on almost complex manifolds with the local symplectic property.
The regularity question for almost complex cycles is embedded into the problem of cali-
brated current and hence the theory of area-minimizing rectifiable 2-cycles. Their result
appears to be a consequence of the “Big Regularity Paper” of F. Almgren [1] combined
with the Ph.D thesis of his student S. Chang [8]. This subsection is devoted to consider-
ing regularity of closed (1, 1)-currents on tamed closed almost complex 4-manifolds. It is
natural to generalize Siu’s semicontinuity theorem [70] of closed positive (1, 1)-currents on
almost complex manifolds with local symplectic property. Note that any almost complex
4-manifold (M,J) has the local symplectic property [54] and the concepts we are gonging
to study mostly concern the behaviour of currents or J-plurisubharmonic function in a
neighbordhood of a point on an almost complex 4-manifold (M,J), we may assume that
(M,g, J, ω) is an almost Ka¨hler 4-manifold throughout this section. Moreover, without
loss of generality, we may assume that M is an open subset of C2. Suppose that ν1(p, T )
is the Lelong number defined on the closed almost Hermitian 4-manifold (M,gJ , J, F )
tamed by a symplectic form ω1 = F + d
−
J (v + v¯), where v ∈ Ω1,0J . Since Lelong number is
locally defined, we first consider properties of Lelong number on an open almost Ka¨hler
4-manifold.
Lemma B.17. (cf. Demailly [13, The first and second steps of the proof of Theorem 8.4
in Chapter 3]) If T is a closed positive current of bidimension (1, 1) on an open almost
Ka¨hler 4-manifold (M,g, J, ω), the upperlevel sets
Ec(T ) = {p ∈M | ν(p, T ) ≥ c}
of the usual Lelong number are complete J-pluripolar subsets of M .
Proof. Suppose (M,g, J, ω) is an open almost Ka¨hler 4-manifold, where M ⊂⊂ C2. Let
ϕ(x, y) = log ρg(x, y) :M×M → [−∞,+∞) be a continuous J-plurisubharmonic function
(see Claim A.6), where ρg(x, y) is the geodesic distance of points x, y with respect to g.
Let χ ∈ C∞(R,R) be an increasing function such that χ(t) = t for t ≤ −1 and χ(t) = 0
for t ≥ 0. We consider the half-plane H = {z ∈ C | Re z < −1} and associate with T the
potential function V on M ×H defined by
V (y, z) = −
∫ 0
Re z
ν(ϕy, t, T )χ
′(t)dt.
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For every t > Re z, Stokes’ formula gives
ν(ϕy, t, T ) =
∫
ϕ(x,y)<t
T (x) ∧ ddcJ,xϕ˜(x, y, z)
with
ϕ˜(x, y, z) := max{ϕ(x, y) | Re z}.
By Fubini theorem, we obtain
V (y, z) = −
∫
x∈M,ϕ(x,y)<t,Re z<t<0
T (x) ∧ (ddcJ,xϕ˜(x, y, z))χ′(t)dt
=
∫
x∈M
T (x) ∧ χ(ϕ˜(x, y, z))ddcJ,xϕ˜(x, y, z),
where ddcJ,xϕ˜(x, y, z) = dJ(x)dϕ˜(x, y, z). For any smooth (2, 2)-form α with compact
support in M ×H, by Proposition A.3, we get
< ddcJV, α > = < V, d
c
Jdα >
=
∫
M×M×H
T (x) ∧ χ(ϕ˜(x, y, z))ddcJ ϕ˜(x, y, z) ∧ dcJdα(y, z)
= −
∫
M×M×H
T (x) ∧ χ(ϕ˜(x, y, z))ddcJ ϕ˜(x, y, z) ∧ ddcJα(y, z)
= −
∫
M×M×H
ddcJ [T (x) ∧ χ(ϕ˜(x, y, z)) ∧ ddcJ ϕ˜(x, y, z)] ∧ α(y, z)
=
∫
M×M×H
T (x) ∧ ddcJχ(ϕ˜(x, y, z)) ∧ ddcJ ϕ˜(x, y, z) ∧ α(y, z).
Observe that the replacement of ddcJ,x by the total differentiation dd
c
J does not modify the
integrand, because the terms in dx, dx¯ must have total bidegree. On {−1 ≤ ϕ(x, y) ≤ 0}
we have ϕ˜(x, y, z) = ϕ(x, y), whereas for ϕ(x, y) < −1 we get ϕ˜ < −1 and χ(ϕ˜) = ϕ˜. We
see that ddcJV (y, z) is the sum of (1, 1)-form∫
{x∈M | −1≤ϕ(x,y)≤0}
T ∧ ddcJ (χ ◦ ϕ) ∧ (ddcJϕ), (B.6)
and ∫
{x∈M |ϕ(x,y)<−1}
T ∧ (ddcJ ϕ˜)2. (B.7)
As ϕ is smooth outside ϕ−1(−∞), this form (B.6) has locally bounded coefficients. Hence
ddcJV (y, z) ≥ 0 except perhaps for locally bounded terms. In addition, V is continuous on
M ×H because T ∧ (ddcJ ϕ˜)2 is weakly continuous in the variables (y, z) by Corollary 3.6
in [13]. Therefore, there exists a positive J-plurisubharmonic function ρ ∈ C∞(M) such
that ρ(y) + V (y, z) is J-plurisubharmonic on M ×H. If we let Rez tend to −∞, we see
that the function
U0(y) = ρ(y) + V (y,−∞) = ρ(y)−
∫ 0
−∞
ν(ϕy, t, T )χ
′(t)dt
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is locally J-plurisubharmonic or identically −∞ on M . Moreover, it is clear that U0(y) =
−∞ at every point y such that ν(ϕy, T ) > 0. If M is connected and U0 6≡ −∞, we already
conclude that the density set ∪c>0Ec is pluripolar in M .
Let a ≥ 0 be arbitrary. The function ρ(y) + V (y, z) − aRez is J-plurisubharmonic
and independent of Imz. By Kiselman’s minimal principle [46] which also holds on almost
Ka¨hler manifolds (see Theorem A.17 in Appendix A.2), the partial Legendre transform
Ua(y) := inf
r<−1
{ρ(y) + V (y, r)− ar}
is locally J-plurisubharmonic or ≡ −∞ on M . Let y0 ∈ M be a given point. We claim
that:
(a) If a > ν(ϕy0 , T ), then Ua is bounded below on a neighborhood of y0.
(b) If a < ν(ϕy0 , T ), then Ua(y0) = −∞.
By the definition of V we have
V (y, r) ≤ −ν(ϕy, r, T )
∫ 0
r
χ′(t)dt = rν(ϕy, r, T ) ≤ rν(ϕy, T ).
Then clearly Ua(y0) = −∞ if a < ν(ϕy0 , T ). On the other hand, if a > ν(ϕy0 , T ), there
exists t0 < 0 such that ν(ϕy0 , t0, T ) < a. Fix r0 < t0. The semi-continuity property
(Demailly [13, Proposition 5.13]) shows that there exists a neighborhood ̟ of y0 such that
supy∈̟ ν(ϕy, r0, T ) < a. For all y ∈ ̟, we get
V (y, r) ≥ −C − a
∫ 0
r
χ′(t)dt = −C + a(r − r0),
and this implies Ua(y) ≥ −C − ar0. We complete the proof of the claim above.
Now return to the proof of Lemma B.17. Note that the family {Ua} is increasing
in a, that Ua = −∞ on Ec for all a < c and that supa<c Ua(y) > −∞ if y ∈ M \ Ec
(apply the above claim). For any integer k ≥ 1, let fk ∈ C∞(M) be a J-plurisubharmonic
regularization of Uc− 1
k
such that fk ≥ Uc− 1
k
on M and fk ≤ −2k on Ec ∩Mk where
Mk = {y ∈M | dgJ (y, ∂M) ≥
1
k
}.
Then the above claim shows that the family (fk) is uniformly bounded below on every
compact subset of M \ Ec. We can also choose (fk) uniformly bounded above on every
compact subset of M because Uc− 1
k
≤ Uc. The function
f =
+∞∑
k=1
2−kfk
is a continuous J-plurisubharmonic function f :M → [−∞,+∞) such that
Ec = f
−1(−∞).
Hence Ec is a complete J-pluripolar subset of M and has zero Lebesgue measure.
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To prove the J-analyticity of Ec, we need the following estimation
Lemma B.18. (cf. Demailly [13, The third step of the proof of Theorem 8.4 in Chapter
3]) Let y0 ∈M be a given point, L a compact neighborhood of y0, K ⊂M a compact subset
and r0 a real number< −1 such that
{(x, y) ∈M × L | ϕ(x, y) ≤ r0} ⊂ K × L,
where
ϕ(x, y) = log ρg(x, y) :M ×M → [−∞,+∞)
is a continuous J-plurisubharmonic function. Assume that eϕ(x,y) is locally Ho¨lder contin-
uous in y and that
|eϕ(x,y1) − eϕ(x,y2)| ≤ Cρg(y1, y2)γ
for all (x, y1, y2) ∈ K ×L×L. Then for all ε ∈ (0, 1), there exists a real number η(ε) > 0
such that all y ∈M with ρg(y, y0) < η(ε) satisfy
Ua(y) ≤ ρ(y) + ((1− ε)ν(ϕy0 , T )− a)(γ log ρg(y, y0) + log
2eC
ε
).
Proof. For a detailed proof of this lemma, we refer to Demailly [13, The third step of the
proof of Theorem 8.4 in Chapter 3].
By Lemma B.18, B.17, as in classical complex analysis, we have the following theorem:
Theorem B.19. (cf. Demailly [13, Theorem 8.4 and Corollary 8.5 in Chapter 3]) If T is
a closed positive current of bidimension (1, 1) on an almost Ka¨hler 4-manifold (M,g, J, ω),
the upperlevel sets
Ec(T ) = {p ∈M | ν(p, T ) ≥ c}
of the usual Lelong number are J-analytic subsets of dimension≤ 1.
Proof. For a, b > 0, we let Za,b be the set of points in a neighborhood of which e
−Ua/b
is not integrable. Then Za,b is J-analytic by Theorem A.33 in Appendix A.4, and as the
family {Ua} is increasing in a, we have Za′,b′ ⊃ Za′′,b′′ if a′ ≤ a′′, b′ ≤ b′′.
Let y0 ∈M be a given point. If y0 /∈ Ec, then ν(ϕy0 , T ) < c by definition of Ec. Choose
a such that ν(ϕy0 , T ) < a < c. The claim (a) in Lemma B.17 implies that Ua is bounded
below in a neighborhood of y0, thus e
−Ua/b is integrable and y0 /∈ Za,b for b > 0.
On the other hand, if y0 ∈ Ec and if a < c, then Lemma B.18 implies for all ε > 0 that
Ua(y) ≤ (1− ε)(c− a)γ log ρg(y, y0) + C(ε)
on a neighborhood of y0. Hence e
−Ua/b is non integrable at y0 as soon as b < (c− a)γ/4.
We obtain therefore
Ec =
⋂
a<c,b<(c−a)γ/4
Za,b.
This proves that Ec is a J-analytic subset of M .
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Remark B.20. 1) For an almost complex 4-manifold (M,J), it has the local symplectic
property [55]. For any p ∈ M , there exists a locally symplectic form ωp on small neigh-
borhood Up. Hence on Up we can define Lelong number ν2(q, p, T ), see Definition B.14 in
Appendix B.1. Thus, we have Theorem B.19 in B.2 for (Up, gp, J, ωp), gp(·, ·) = ωp(·, J ·).
By Theorem B.15 in Appendix B.1, it is also true for Lelong number ν1(p, T ) (see Def-
inition B.13 in Appendix B.1) defined on tamed almost complex 4-manifold, that is, the
upper level sets
Ec(T ) = {p ∈M | ν1(p, T ) ≥ c}
are J-analytic subsets of complex dimension≤ 1 on a closed almost complex 4-manifold
(M,J) which is tamed by a symplectic form ω1.
2) It is natural to ask that for bidegree (1, 1) or bidegree (n − 1, n − 1) closed positive
currents on the higher dimensional almost Ka¨hler manifolds, could one extend the above
theorem?
As in classical complex analysis, we have Siu’s decomposition formula of closed positive
(1,1) currents on almost Ka¨hler 4-manifolds.
Theorem B.21. If T is a closed positive almost complex (1, 1)-current on an almost
Ka¨hler 4-manifold (M,g, J, ω), there is a unique decomposition of T as a (possibly finite)
weakly convergent series
T = Σj≥1λjTΣj +R, λj > 0,
where TΣj is the current of integration over an irreducible 1-dimensional J-analytic set
Σj ⊂ M and where R is a closed positive almost complex (1, 1)-current with the property
that dimCEc(R) < 1 for every c > 0.
Proof. Uniqueness. If T has such a decomposition, the 1-dimensional components of
Ec(T ) are (Σj)λj>c, for
ν(p, T ) = Σj≥1λjν(p, TΣj ) + ν(p,R)
is non zero only on
⋃
Σj ∪
⋃
Ec(R), and is equal to λj generically on Σj (more precisely,
ν(p, T ) = λj at every regular point of Σj which does not belong to any intersection Σj∩Σk,
k 6= j or to ⋃Ec(R)). In particular Σj and λj are unique.
Existence. By Theorem B.19, Ec(T ) is a J-analytic subset of dimension≤ 1. For any
p ∈M , by Theorem A.33, there are 1-dimensional components (Σj)λj>c of Ec(T ) passing
through p. Let (Σj)j≥1 be the countable collection of 1-dimensional components occurring
in one of the sets Ec(T ), c ∈ Q∗+, and let λj > 0 be the generic Lelong number of T along
Σj. Then Proposition B.11 shows by induction on N that
RN = T −
∑
1≤j≤N
λjTΣj
is positive. As RN is a decreasing sequence, there must be a limit R = limN→+∞RN in
the weak topology. Thus we have the asserted decomposition. By construction, R has
zero generic Lelong number along Σj, so dimCEc(R) < 1 for every c > 0.
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Remark B.22. Similarly, by Theorem B.15, it is also true for closed positive almost
complex (1, 1)-current T on a closed almost complex 4-manifold (M,J) which is tamed by
a symplectic form ω1.
Appendix C Demailly’s approximation theorem on tamed
almost complex 4-manifolds
Let (M,J) be a closed almost complex 4-manifold and let T be a closed positive current
of bidegree (1, 1) on (M,J). In general T can not be approximated by smooth closed
positive currents. However, as done in classical complex analysis, we shall see that it
is always possible to approximate a closed positive current T of type (1, 1) by smooth
closed real currents admitting a small negative part and that this negative part can be
estimated in terms of the Lelong numbers of T and the geometry (for complex analysis,
see Demailly [11,12]).
In this appendix, we will give a Demailly’s approximation theorem on tamed almost
complex 4-manifolds. Our approach is along the lines used by Demailly to give a proof of
Theorem 1.1 in [12].
C.1 Exponential map associated to the second canonical connection
In this subsection, we study exponential map associated to the second canonical connection
on almost Hermitian manifolds. Suppose (M,gJ , J, F ) is an almost Hermitian 2n-manifold.
Choose a complex coordinate {zi = xi +
√−1yi}ni=1 around p ∈M such that { ∂∂zi |p}ni=1 ⊆
T 1,0p M is orthonormal at p with respect to the almost Hermitian metric h = gJ −
√−1F .
Let {ei}ni=1 be a unitary frame around p such that ei(p) = ∂∂zi |p. Let ∇1 be the second
canonical connection satisfying ∇1gJ = 0 and ∇1J = 0, hence ∇1F = 0 and ∇1h = 0 (P.
Gauduchon [28]). In particular, note that if J is integrable, that is, (M,J) is a complex
manifold, ∇1 is Chern connection; if (M,gJ , J, F ) is a Ka¨hler manifold, ∇1 is Levi-Civita
connection (P. Gauduchon [29]). Then locally there exists a matrix of valued 1-forms {θji },
called the connection 1-forms, such that
∇1ei = θji ej , θji (p) = 0. (C.1)
Let {θ1, · · ·, θn} be the dual coframe of {e1, · · ·, en}. Then we have θi(p) = dzi(p) by the
choice of {zi}ni=1. There holds the following Maurer-Cartan equations [9, 29]:{
dθi = −θij ∧ θj +Θi,
dθij = −θik ∧ θkj +Ψij,
(C.2)
where
Θi = (Θi)(2,0) + (Θi)(0,2) = T ijkθ
j ∧ θk +N ij¯k¯θ¯j ∧ θ¯k (C.3)
is the torsion form with vanishing (1, 1) part and Ψij is the curvature form (see Tosatti-
Weinkove-Yau [77]). Take exterior derivative of (C.2) to get
0 = −dθij ∧ θj + θij ∧ dθj + dΘi
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= −dθij ∧ θj − θij ∧ θjk ∧ θk + dΘi + θij ∧Θj
= −(dθij + θik ∧ θkj ) ∧ θj + dΘi + θij ∧Θj
= −Ψij ∧ θj + dΘi + θij ∧Θj.
Hence dΘi = Ψij∧θj−θij ∧Θj. Define Rjikl¯, Kijkl and Kijk¯l¯ (see Tosatti-Weinkove-Yau [77])
by
(Ψji )
(1,1) = Rj
ikl¯
θk ∧ θ¯l,
(Ψji )
(2,0) = Kijklθ
k ∧ θl,
(Ψji )
(0,2) = Kijk¯l¯θ¯
k ∧ θ¯l, (C.4)
with Kijkl = −Kijlk, Kijk¯l¯ = −Kijl¯k¯, Kijkl = K
j
il¯k¯
, δsj¯δt¯iR
t
skl¯
= Rj
ilk¯
, where
Kijk¯l¯ = 2T
i
pjN
p
j¯l¯
+N ik¯l¯,j, K
i
jkl = K
j
il¯k¯
, (C.5)
and δsj¯ is the Kronecker delta and δt¯i is its inverse.
For a local complex frame
{ ∂
∂z1
,
∂
∂z2
, · · · , ∂
∂zn
} ⊆ T 1,0M, { ∂
∂z¯1
,
∂
∂z¯2
, · · · , ∂
∂z¯n
} ⊆ T 0,1M.
Denote by ∂∂zi¯
= ∂∂z¯i , and define Γ
C
AB as
∇1 ∂
∂zA
∂
∂zB
= ΓCAB
∂
∂zC
, A,B,C ∈ {1, 2, · · · , n, 1¯, 2¯, · · · , n¯}. (C.6)
Hence, ΓCAB = Γ
C¯
A¯B¯
, ΓCAB = Γ
C
BA. Let h := gJ −
√−1F = ∑i θi ⊗ θ¯i, then hij =
h(∂/∂zi, ∂/∂zj).
Lemma C.1. The only non-vanishing Christoffel symbols are Γkij ,Γ
k¯
i¯j¯
, where
Γkij =
n∑
l=1
hkl¯
∂hjl¯
∂zi
.
Proof. There hold
∇1∂
∂zi
∂
∂zj
=
∑
k
Γkij
∂
∂zk
+
∑
k
Γk¯ij
∂
∂z¯k
,
and
∇1∂
∂z¯i
∂
∂zj
=
∑
k
Γkij¯
∂
∂zk
+
∑
k
Γk¯ij¯
∂
∂z¯k
.
Since ∇1J = 0, and J acts on T 1,0M being by multiplying √−1 and acts on T 0,1M by
−√−1, we have √−1∇1∂
∂zi
∂
∂zj
= ∇1∂
∂zi
(J
∂
∂zj
) = J(∇1∂
∂zi
∂
∂zj
).
77
Then
√−1(
∑
k
Γkij
∂
∂zk
+
√−1
∑
k
Γk¯ij
∂
∂z¯k
) =
√−1(
∑
k
Γkij
∂
∂zk
−√−1
∑
k
Γk¯ij
∂
∂z¯k
),
which implies that Γk¯ij = 0. Similarly, Γ
k¯
ij¯
, Γk
ij¯
vanish. Nonzero ones are only Γkij, Γ
k¯
i¯j¯
.
Moreover,
∂
∂zi
h(
∂
∂zj
,
∂
∂z¯j
) = h(
∑
l
Γlij
∂
∂zl
,
∂
∂z¯k
) =
∑
l
Γlijhlk¯.
Hence, Γkij =
n∑
l=1
hkl¯
∂hjl¯
∂zi
.
By (C.1) and Lemma C.1, we have
ei = ei(p) +
1
2
(∇1)2ei +O(|z|3)
=
∂
∂zi
|p +
∑
j,l,m
(b′′jilmzlzm + b¯
′′
jilmz¯lz¯m + c
′′
jilmzlz¯m)
∂
∂zj
+O(|z|3). (C.7)
Without loss of generality, we may assume that b′′jilm = b
′′
jiml, otherwise, if b
′′
jilm = −b′′jiml
then
∑
l,m b
′′
jilmzlzm = 0. Also, by (C.4), the skew symmetric part of (∇1)2ei is (Ψij)(1,1) =
Rijlm¯θ
l ∧ θ¯m. Hence
c′′jilm =
1
2
Rijlm¯. (C.8)
By (C.3), the skew symmetric part is Θi = T ijkθ
j ∧ θk +N i
j¯k¯
θ¯j ∧ θ¯k. Hence,
θi = θi(p) +∇1θi +O(|z|2)
=
∑
j
δijdz
j +
∑
j,l
(a′jilzldzj + a¯
′′
jilz¯ldz¯j) +O(|z|2). (C.9)
By (C.7) and (C.9), we can expand hij(z) = h(
∂
∂zi
, ∂∂zj ) as follows:
hij(z) = δij +
∑
l
(ajilzl + a¯jilz¯l) +
∑
l,m
(b′jilmzlzm + b¯
′
jilmz¯lz¯m)
+
∑
l,m
c′jilmzlz¯m +O(|z|3),
where ajil = a
′
jil+a
′′
jil, b
′
jilm = b
′
jiml. We may always arrange that skew symmetry relation
ajil = −alij holds; otherwise the change of variables zi = z′i − 14
∑
j,l(ajil + alij)z
′
jz
′
l yields
coordinates (z′l) with this property. By the definition of ajil and
∇1θi|p = dθi|p = (−θij ∧ θj +Θi)|p = T ijlθj ∧ θl +N ij¯l¯θ¯j ∧ θ¯l,
it is easy to see that a′jil = T
i
jl, a¯
′′
jil = N
i
j¯ l¯
. If h is Ka¨hler, then ajil = 0; in that case b
′
jilm
is also symmetric in j, l,m and a new change of variables zi = z
′
i − 13
∑
j,l,m b
′
jilmz
′
jz
′
lz
′
m
gives b′jilm = 0 likewise.
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The complex frame of T 1,0p M defined by
e˜s = ∂/∂zs −
∑
j
(ajskzj +
∑
m
b′jskmzjzm)∂/∂zk
satisfies
< e˜s, e˜t >h= δst −
∑
j,k
ctsjkzj z¯k +O(|z|3), (C.10)
∂/∂zs = e˜s +
∑
l
(
∑
j
ajslzj +
∑
j,k
bjslkzjzk +O(z
3))e˜l (C.11)
with ctsjk = −c′tsjk−
∑
ajsla¯ktl and bjskl = b
′
jskl+
∑
alsmajmk. Hence, in the Ka¨hler case,
ajsl = 0 and bjslk = 0. The formula ∂ ∂
∂zj
< e˜s, e˜t >h=< ∇1∂
∂zj
e˜s, e˜t >h with respect to
J(p) easily gives the following
∇1e˜s = −
∑
t,j,k
ctsjkz¯kdzj ⊗ e˜t +O(|z|2),
(Ψ˜)(1,1)|p =
∑
s,t,j,k
ctsjkdzj ∧ dz¯k ⊗ θ˜s ⊗ e˜t, (C.12)
where θ˜s is the dual frame of e˜s. Hence ctsjk = R
s
tjk.
Remark C.2. If M is a complex manifold, then N i
j¯k¯
= 0. By (C.5), Ki
jk¯l¯
= 0, thus
(Ψ˜ij)
(1,1) = Ψ˜ij .
Given a vector field ζ =
∑
l ζl∂/∂zl in T
1,0M , we denote by (ξm) the components of ζ
with respect to the basis (e˜m), thus ζ =
∑
m ξme˜m in T
1,0M . By (C.11), we have
ξm = ζm +
∑
j,l
ajmlzjζl +
∑
j,k,l
bjmlkzjzkζl. (C.13)
By a direct calculation, we have
∇1(∂/∂zl) = −
∑
j,k,m
cmljkz¯kdzj ⊗ e˜m +
∑
j,m
amljdzj ⊗ e˜m
+2
∑
j,k,m
bmljkzkdzj ⊗ e˜m +O(|z|2)dz
= −
∑
j,k,m
(cmljkz¯k − 2bmljkzk)dzj ⊗ ∂
∂zm
+
∑
j,m
(amlj −
∑
k,i
ailjaimkzk)dzj ⊗ ∂
∂zm
+O(|z|2)dz.
Hence, as in classical complex analysis (cf. (2.5) in Demailly [12]), we have
∇1ζ =
∑
m
dζm ⊗ ∂
∂zm
−
∑
j,k,l,m
(clmjkz¯k − 2blmjkzk)ζmdzj ⊗ ∂
∂zl
+
∑
j,l,m
(almj −
∑
k,i
alijaimkzk)ζmdzj ⊗ ∂
∂zl
+O(|z|2)ζdz. (C.14)
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Consider a curve t → u(t). By a substitution of variables zj = uj(t), ζl = duldt in formula
(C.14), the equation ∇1(dudt ) = 0 becomes
d2us
dt2
=
∑
j,k,l
(clsjku¯k(t)− 2blsjkuk(t))duj
dt
dul
dt
+O(|u(t)|2)(du
dt
)2. (C.15)
Notice that the contribution of the terms
∑
aj•lζldzj is zero by the skew symmetry relation.
The initial condition u(0) = z, u′(0) = ζ gives us(t) = zs + tζs +O(t2|ζ|2). Hence,
us(t) = zs + tζs +
∑
i,j,k
cisjk(
t2
2
z¯k +
t3
6
ζ¯k)ζiζj
−2bisjk(t
2
2
zk +
t3
6
ζk)ζiζj +O(t
2|ζ|2(|z|+ |ζ|)2).
An iteration of this procedure (substitution in (C.15) followed by an integration) easily
shows that all terms but the first two in the Taylor expansion of us(t) contain C-quadratic
factors of the form ζjζl. Let us substitute ζj by its expression in terms of z, ξ deduced
from (C.13). We find that expz(ζ) = u(1) has a third order expansion
expz(ζ)s = Kp,s(z, ξ)
+
∑
j,k,l
clsjk(
1
2
z¯k +
1
6
ξ¯k)ξjξl +O(|ξ|2(|z| + |ξ|)2), (C.16)
where
Kp,s(z, ξ) = zs + ξs −
∑
j,l
ajslzjξl +
∑
i,j,k,l
ajilaksizjzkξl
−
∑
j,k,l
blsjk(zjzkξl + zkξjξl +
1
3
ξjξkξl) (C.17)
is a holomorphic polynomial of degree 3 in z, ξ with respect to complex structure J(p).
In the Ka¨hler case we simply have ξl = ζl and Kp,s(z, ξ) = zs + ξs.
Remark C.3. 1 When M is a complex manifold,
N si¯j¯ = 0, aisj = T
s
ij , clsij = (Ψ
s
l )
(1,1) = Rslij¯ .
2 When M is a quasi-Ka¨hler (or almost Ka¨hler) manifold,
T sij = 0, aisj = N
s
i¯j¯
, clsij = (Ψ
s
l )
(1,1) = Rslij¯ .
3 When M is a Ka¨hler manifold,
aisj = 0, blsij = 0, clsij = (Ψ
s
l )
(1,1) = Rslij¯ .
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The exponential map is unfortunately non-holomorphic for z fixed with respect to
J(p) ∼= Jst. However, as done in classical complex analysis, we make it quasi-holomorphic
with respect to ζ ∈ T 1,0z M as follows: for z, J(p) fixed, we consider the formal power
series obtained by eliminating all monomials in the Taylor expansion of ζ 7→ expz(ζ) at
the origin which are not holomorphic with respect to ζ. This defines in a unique way a jet
of infinite order along the zero section of T 1,0z M . There is a smooth map
T 1,0z M →M, (z, ζ) 7→ exphz(ζ),
such that its jet at ζ = 0 coincides with the “J(p)(∼= Jst)-holomorphic” part of ζ 7→ expz(ζ).
Moreover, (C.16) and (C.17) imply that
exphz(ζ)s = Kp,s(z, ξ) +
1
2
∑
i,j,k
cjsikz¯kξiξj +O(|ξ|2(|z| + |ξ|)2). (C.18)
By including in Kp,s all holomorphic monomials of partial degree at most 2 in z and N in
ξ (N ≥ 2 being a given integer), we get holomorphic polynomials Lp,s(z, ξ) of linear part
zs + ξs and total degree N + 2, such that
exphz(ζ)s = Kp,s(z, ξ) +O(z¯, zz¯, z¯z¯, |z|3, ξN−1)ξ2. (C.19)
Here a notation as O(z¯, zz¯, z¯z¯, |z|3, ξN−1)ξ2 indicates an arbitrary function in the ideal of
C∞ functions generated by monomials of the form z¯kξlξm, ziz¯jξlξm, z¯iz¯jξlξm, zαz¯βξlξm
and ξγ , for all multi-indices |α| + |β| = 3 and |γ| = N + 1. By the implicit function
theorem applied to the mapping Lp = (Lp,m)1≤m≤n we thus get (cf. Proposition 2.9 in
Demailly [12])
Proposition C.4. Suppose (M,gJ , J, F ) is an almost Hermitian manifold. Let h = gJ −√−1F be an almost Hermitian metric on T 1,0M . There exists a C∞ map
T 1,0p M →M, (p, ζ) 7→ exphp(ζ)
with the following properties:
(1). For every p ∈M , exphp(0) = p and dζexphp(0) = IdT 1,0p M .
(2). For every p ∈M , the map ζ → exphp(ζ) has a quasi-holomorphic Taylor expansion at
ζ = 0 with respect to fixed almost complex structure J(p) on small neighborhood. Moreover,
with respect to an almost Hermitian structure (gJ , J, F ), there are local normal complex
coordinates (z1, z2, · · · , zn) on M centered at p, zi(p) = 0, i = 1, 2, · · · , n, and holomorphic
normal complex coordinates (ζj) on the fibers of T
1,0M near p with respect to the fixed
complex structure J(p) such that
exphz(ξ) = Lp(z, ρp(z, ξ)),
where Lp(z, ξ) is a holomorphic polynomial map of degree 2 in z and of degree N in ξ, and
where ρp : Cn × Cn → Cn is a smooth map such that
Lp,m(z, ξ) = zm + ξm −
∑
j,l
ajmlzjξl +
∑
i,j,k,l
almiajikzjzkξl
−
∑
j,k,l
blmjk(zjzkξl + zkξjξl +
1
3
ξjξkξl) +O((|z|+ |ξ|)4), (C.20)
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ρp,m(z, ξ) = ξm +
∑
2≤|α|≤N
(
∑
k
dαmkξ
αz¯k +
∑
i,k
eαmikξ
αziz¯k)
+O(z¯2, |z|3, ξN−1)ξ2. (C.21)
(3). For α = (0, · · · , 1l, · · · , 1j , · · · , 0) of degree 2, we have
dαmk =
1
2
clmjk, eαmik =
1
2
∑
s
almscjsikzs,
where clmjk is the curvature tensor R
m
ljk¯
, almj = T
m
lj +N
m
l¯j¯
.
Proof. The argument is similar to the proof of Proposition 2.9 in Demailly [12].
Remark C.5. Suppose that (M,gJ , J, F ) is an almost Hermitian 4-manifold. For any
p ∈ M , there exists a J-compatible local symplectic form ωp on a small neighborhood Up
such that F = fpωp, where fp > 0 on Up and fp(p) = 1 (cf. Lejmi [55]). On Up, by
Darboux’s theorem (cf. McDuff-Salamon [60]), there is a coordinate chart (Vp, φp), where
Vp ⊆ Up is a neighborhood of p, φp : Vp → φp(Vp) ⊂ R4 is a homeomorphism such that
φ∗ω0 = ωp, and
ω0 =
2∑
i=1
dxi ∧ dyi
is the standard symplectic form on R4. Let Jst be the standard complex structure on
C2 ∼= R4 with complex coordinates zi = xi +
√−1yi, i = 1, 2, and Jp = φ∗Jst the induced
complex structure on Vp. Set gp(·, ·) = F (·, J ·). So we can get gJ = gpeD on Vp, where
D is a symplectic J-anti-invariant (2,0) tensor (for details, see Tan-Wang-Zhou [74]).
Therefore, for the almost Hermitian 4-manifold (M,gJ , J, F ), any p ∈ M , there exists a
small neighborhood Vp such that on Vp there is F -compatible complex structure Jp, that is,
any almost complex 4-manifold has locally complex structure. Let gJst(·, ·) = F (·, Jst·) on
Vp, then gJst(p) = gJ(p), gJst is a Hermitian metric on Vp.
C.2 Regularization of quasi-J-plurisubharmonic functions on tamed al-
most Hermitian 4-manifolds
In this subsection, we consider regularization of quasi-J-plurisubharmonic functions on
almost Hermitian 2n-manifolds. Let (M,gJ , J, F ) be an almost Hermitian 2n-manifold.
Suppose φ is a quasi-J-plurisubharmonic function, that is, a function which is locally
the sum of φ1 and φ2 where φ1 is a smooth function and φ2 is a J-plurisubharmonic
function. In this section, as done in Section 3 of Demailly’s article [12], we consider
regularization of quasi-J-plurisubharmonic functions in almost Hermitian 2n-manifolds
tamed by ω1 = F + d
−
J (v + v¯).
For any p ∈ (M,gJ , J, F ), choose a complex coordinate
Up = {zi = xi +
√−1yi, i = 1, · · ·, n}
around p such that { ∂∂zi |p}i=1,2,···,n ⊂ T
1,0
p M is orthonormal at p with respect to almost
Hermitian metric h = gJ −
√−1F . Consider the exponential map:
T 1,0z M →M, (z, ζ) 7→ expz(ζ), z ∈ Up, (z, ζ) ∈ T 1,0z M.
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By (C.16), we have Taylor expansion of exponential map,
expz(ζ)s = Kp,s(z, ξ) +
∑
1≤i,j,k≤n
cjsik(
1
2
z¯k +
1
6
ξ¯k)ξiξj
+O(|ξ|2(|z|+ |ξ|)2), (C.22)
where
Kp,s(z, ξ) = zs + ξs −
∑
1≤i,j≤n
aisjziξj +
∑
1≤i,j,k,l≤n
akslailjzizjξk
−
∑
1≤i,j,k≤n
bjski(zizjξk + ziξjξk +
1
3
ξiξjξk). (C.23)
Here aijs, biksj and cijks are given in Appendix C.1. However, we make this map quasi-
holomorphic as follows:
exphz(ζ)s = Kp,s(z, ξ) +
1
2
∑
1≤i,j,k≤n
cjsikz¯kξiξj +O(|ξ|2(|z|+ |ξ|)2). (C.24)
Here, for fixed z ∈M , exphz(ζ) is holomorphic for ζ ∈ T 1,0z M
For a fixed point p ∈ M and use the coordinate (p, e1, · · ·, en) for T 1,0p M , where
(e1, · · ·, en) is orthernormal. Suppose (θ1, · · ·, θn) is the dual coframe of (e1, · · ·, en). As in
Appendix C.1, ζ ∈ T 1,0z (M), ζ =
∑
ζi
∂
∂zi
=
∑
ξie˜i,
|ζ|2 =
∑
m
|ξm|2 −
∑
j,k,l,m
clmjkzj z¯kξlξ¯m +O(|z|3)|ξ|2. (C.25)
The volume form
dλ(ζ) =
1
2nn!
(
√−1∂J(p)∂¯J(p)|ζ|2)n
= (1−
∑
j,k,l
clljkzj z¯k +O(|z|3))
√−1
2
dξ1 ∧ dξ¯1 ∧ · · · ∧
√−1
2
dξn ∧ dξ¯n.(C.26)
Choose a smooth cut-off function χ : R→ R satisfying
χ(t)
{
> 0, t < 1
= 0, t ≥ 1,
∫
v∈Cn
χ(|v|2) dλ(v) = 1.
Set
φε(z) =
1
ε2n
∫
ζ∈T 1,0z M
φ(exphz(ζ)) · χ(
|ζ|2
ε2
) dλ(ζ), ε > 0.
Φ(z, w) =
∫
ζ∈T 1,0z M
φ(exphz(wζ)) · χ(|ζ|2) dλ(ζ), (C.27)
which is smooth on M × {w ∈ C | 0 < |w| < ε0} for some ε0 > 0. Then for w ∈ C with
|w| = ε, we have φε(z) = Φ(z, w). In the following, we need to compute (dJdΦ)(1,1) over
the set M × {0 < |w| < ε0} and estimate the negative part when |w| is small.
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In (C.27), we make the change of variables s = w−1ρ(p,wζ), hence we can write
exphp(wζ) = Lp(z,ws). By (C.20) and (C.21), we get
sm = ξm +
∑
2≤|α|≤N
∑
k
dαmkw
|α|−1ξαz¯k +
∑
j,k
eαmjkw
|α|−1ξαzj z¯k

+O(z¯2, |z|3, wN−1ξN−1)wξ2. (C.28)
Hence,
ξm = sm −
∑
2≤|α|≤N
∑
k
dαmkw
|α|−1sαz¯k +
∑
j,k
eαjkmw
|α|−1sαzj z¯k

+O(z¯2, |z|3, wN−1sN−1)ws2, (C.29)
and ξ = s+O(wNsN+1) for z = 0. Plugging into (C.27), we get
Φ(z, w) =
∫
Cn
φ(Lp(z, ws))χ(A(z, w, s))B(z, w, s)dλ(s). (C.30)
where
A(z, w, s)
=
∑
1≤m≤n
|sm|2 −
∑
1≤j,k,l,m≤n
clmjkzj z¯ksls¯m
−2Re
∑
α,k,m
dαmkw
|α|−1sαs¯mz¯k − 2Re
∑
α,j,k,m
eαmjkw
|α|−1sαs¯mzj z¯k
+
∑
α,β,j,k,m
dαmkdβmjw
|α|−1w|β|−1sαs¯βzj z¯k
+O(z2, z¯2, |z|3, |w|N−1|s|N−1)|w||s|3,
B(z, w, s)
= 1−
∑
1≤j,k,l≤n
clljkzj z¯k
−2Re
∑
α,k,m
dαmkw
|α|−1αmsα−1m z¯k
−2Re
∑
α,j,k,m
eαmjkw
|α|−1αmsα−1mzj z¯k
+
∑
α,β,j,k,l,m
dαmkdβljw
|β|−1αmβlsα−1m s¯β−1lzj z¯k
+O(z2, z¯2, |z|3, |w|N−1|s|N−1)|w||s|,
here (1m)1≤m≤n denotes the standard basis of Zn, hence s1m = sm.
Let (M,gJ , J, F ) be a 2n-dimensional almost Hermitian manifold. We have the follow-
ing lemma (cf. Wang-Zhu [79])
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Lemma C.6. Suppose f is a smooth function on M , then
dJdf = (dJdf)(1,1) + (dJdf)(2,0)+(0,2)
= 2
√−1fij¯θi ∧ θ¯j − 2
√−1(Nk
i¯j¯
f¯kθ
i ∧ θj +Nki¯j¯fkθ¯i ∧ θ¯j),
where ∂Jf =
∑
fkθ
k, ∂¯Jf =
∑
f¯kθ¯
k, Nk
i¯j¯
is the Nijenhuis tensor J which is independent
of the choice of a metric.
By Lemma 2.1 of Diederich-Sukhov [14], for any p ∈M , there exists a neighborhood U
of p and a coordinate map z : U → B such that z(p) = 0 and dz(p) ◦ J(p) ◦ dz−1(0) = Jst.
Moreover, z∗(J) := dz ◦ J ◦ dz−1 satisfies ||z∗(J) − Jst||Cα(B¯) ≤ λ0 for every α ≥ 0 and
λ0 > 0, where B is the unit ball in Cn. It is easy to see that
∂Jf |p = ∂Jstf |p, ∂¯Jf |p = ∂¯Jstf |p,
and
dJdf |p = 2
√−1∂J ∂¯Jf |p = 2
√−1∂Jst ∂¯Jstf |p.
For more details, please see Diederich-Sukhov [14]. Fix a point p ∈M , choose a complex
coordinate chart Up = {(z1, · · ·, zn) ∈ Cn} around p. Define two almost complex structures
on Up × C as follows:
J˜(z) = J(z)⊕ Jst, J˜0 = J˜(0) = J(0) ⊕ Jst.
It is easy to see that J˜0 is integrable. Return to (C.27),
Φ(z, w) =
∫
ζ∈T 1,0z M
φ(exphz(wζ)) · χ(|ζ|2) dλ(ζ).
The change of variable y = exphz(wζ) expresses wζ as a smooth function of y, z in neigh-
borhood of the diagonal in M ×M . Hence Φ is a smooth over M × {0 < |w| < ε0} for
some ε0 > 0. By (C.30), we are going to compute ∂J˜Φ, ∂¯J˜Φ and ∂J˜ ∂¯J˜Φ. Note that
(dJ˜dΦ(z, w))(1,1) |(0,w) = (dJ˜0dΦ(z, w))(1,1)|(0,w) = 2
√−1∂J˜0 ∂˜J˜0Φ(z, w))|(0,w),
and
(dJ˜dΦ(z, w))(2,0)+(0,2) |(0,w) = −2
√−1(Nk
i¯j¯
∂
∂z¯k
Φ(z, w)|(0,w)dzi ∧ dzj
+Nki¯j¯
∂
∂zk
Φ(z, w)|(0,w)dz¯i ∧ dz¯j).
By Lemma C.6, we have
dJ˜dΦ(z, w))(1,1) |(0,w) = dJ˜0dΦ(z, w))(1,1) |(0,w)
= 2
√−1∂J˜0 ∂˜J˜0Φ(z, w))|(0,w)
= 2
√−1( ∂
2
∂zi∂z¯j
Φ(z, w)|(0,w)dzi ∧ dz¯j
+
∂2
∂zi∂w¯
Φ(z, w)|(0,w)dzi ∧ dw¯
+
∂2
∂w∂z¯j
Φ(z, w)|(0,w)dw ∧ dz¯j
+
∂2
∂w∂w¯
Φ(z, w)|(0,w)dw ∧ dw¯, (C.31)
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and
(dJ˜dΦ(z, w))(2,0)+(0,2) |(0,w) = (dJ˜0dΦ(z, w))(2,0)+(0,2) |(0,w)
= (dJ(p)dΦ(z, w))(2,0)+(0,2) |(0,w)
= −2√−1(Nk
i¯j¯
∂
∂z¯k
Φ(z, w)|(0,w)dzi ∧ dzj
+Nki¯j¯
∂
∂zk
Φ(z, w)|(0,w)dz¯i ∧ dz¯j). (C.32)
By the above observation, Proposition 3.8 of Demailly [12] can be generalized to almost
Hermitian 2n-manifolds as follows
Proposition C.7. For any integer N ≥ 2 and any (̺, η) ∈ T 1,0z Up×C, at (z, w) ∈ Up×C
we have the following estimates
(1)
∂J˜0Φ(p,w) · (̺, η) =
∫
ζ∈T 1,0p M
∂J˜0φ(exphz(wζ)) · τχ(|ζ|2) dλ(ζ) +O(|w|N )(̺, η),
(2)
∂J˜ ∂¯J˜Φ(p,w)(̺ ∧ ¯̺, η ∧ η¯) = ∂J˜0 ∂¯J˜0Φ(p,w)(̺ ∧ ¯̺, η ∧ η¯)
=
∫
ζ∈T 1,0p M
∂J˜0 ∂¯J˜0φ · (τ ∧ τ¯ + |w|2V )exphp(wζ)χ(|ζ|2) dλ(ζ)
+O(|w|N−1)(̺ ∧ ¯̺, η ∧ η¯),
where τ is a vector field over TM1,0, V is a (1, 1)−vector field, both depending smoothly on
the parameters p,w and linearly or quadratically on ̺, η. The vector fields τ, V are given
at y = exphp(wζ) by
τy = ∂J(p)exph(p,wζ)(̺
h + ηζv + |w|2Ξvy),
Vy = ∂J(p)exph(p,wζ)(U
v − |w|2Ξv ∧ Ξv)y,
where ̺h, ζv ∈ T (TM)(p,wζ) are respectively the horizontal lifting of ̺ with respect to the
Chern connection ∇ with respect to h and J(p), and the vertical vector associated to ζ,
and where ǫ can be arbitrarily small. Here, Ξ, U is defined by
Ξy(ζ) =
∑
α,j,l,m
1
χ(|ζ|2)
∂
∂ζ¯l
(χ1(|ζ|2)ζ¯α−1m)dαlj αm|α| w¯
|α|−2̺j
∂
∂zm
,
Uy(ζ) =
∑
l,m
1
2
(Um,l(ζ) + Ul,m(ζ))
∂
∂zm
∧ ∂
∂z¯l
,
Um,l(ζ) = −χ1(|ζ|
2)
χ(|ζ|2) {
∑
j,k
clmjk̺j ¯̺k + 2
∑
α,j,k
eαmjkw
|α|−1 αl
|α|ζ
α−1t̺j ¯̺k
+2
∑
α,k
dαmk(|α| − 1)w|α|−2 αl|α|ζ
α−1tη ¯̺k +
∑
α,β,j,k
dαmkdβljw
|α|−2w¯|β|−2ζαζ¯β̺j ¯̺k}.
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Here,
χ1(t) =
∫ t
+∞
χ(u)du,
and clmjk, dβlj , eαmjk are defined in Appendix C.1. Moreover, α, β ∈ Nn run over all
multi-indices such that 2 ≤ |α|, |β| ≤ N .
Proof. Our approach is similar to the proof of Proposition 3.8 in Demailly [12]. A brute
force differentiation of (C.30) gives
∂J˜0Φ(p,w) · (̺, η) =
∫
Cn
∂J˜0(φ ◦ Lp)(0,ws) · (̺, η)χ(A(0, w, s))B(0, w, s)dλ(s)
−
∫
Cn
(φ ◦ Lp)(0,ws)E(w,s) · (̺, η)dλ(s), (C.33)
where
E(w,s) = −∂J˜0(χ(A(z, w, s))B(z, w, s))(z,w) .
We find
E(w,s) · (̺, η) =
∑
l,m
∂2
∂s¯l∂sm
(χ(|s|2)
∑
α,j
dαljw¯
|α|−1αm
|α| s¯
α−1m̺j)
+O(|w|N−1|s|N ) · (̺, η), (C.34)
∂J˜0 ∂¯J˜0Φ(p,w) · (̺ ∧ ¯̺, η ∧ η¯) =
∫
Cn
∂J˜0 ∂¯J˜0(φ ◦ Lp)(0,ws) · (̺ ∧ ¯̺, ηs ∧ ηs)
·χ(A(0, w, s))B(0, w, s)dλ(s)
−
∫
Cn
∂¯J˜0(φ ◦ Lp)(0,ws) · (¯̺, ηs) ·E(w,s) · (̺, ηs)dλ(s)
−
∫
Cn
∂J˜0(φ ◦ Lp)(0,ws) · (̺, ηs) ·E(w,s) · (¯̺, ηs)dλ(s)
−
∫
Cn
(φ ◦ Lp)(0,ws) · F(w,s) · (̺ ∧ ¯̺, ηs ∧ ηs)dλ(s),
(C.35)
where
F(w,s) = −∂J˜0 ∂¯J˜0(χ(A(z, w, s))B(z, w, s))(z,w) . (C.36)
We find
F(w,s) · (̺ ∧ ¯̺, ηs ∧ ηs)
=
∑
l,m
∂2
∂s¯l∂sm
(χ1(|s|2)
∑
j,k
clmjk̺j ¯̺k)
+ 2Re{
∑
l,m
∂2
∂s¯l∂sm
(χ1(|s|2)
∑
α,j,k
eαmjkw
|α|−1 αl
|α|s
α−1l̺j ¯̺k)
+
∑
l,m
∂2
∂sl∂s¯m
(χ1(|s|2)
∑
α,k
dαmk(|α| − 1)w|α|−2 αl|α| s¯
α−1lη ¯̺k)}
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−
∑
l,m
∂2
∂s¯l∂sm
(χ1(|s|2)
∑
α,k
dαmkdβljw
|α|−1w¯|β|−1sαs¯β̺j ¯̺k)
+O(|w|N−2|s|N )(̺ ∧ ¯̺, ηs ∧ ηs). (C.37)
In all these expansions, the remainder terms O(·) involve uniform constants when the
origin x of coordinates belongs to a compact subset of a coordinate patch. When Up is
very small, without loss of generality, we may assume that φ is strictly J-convex (and J(p)-
convex). By the mean value properties of plurisubharmonic functions (cf. L. Simon [69]),
we have ∫
|s|<1
|φ(p + ws)|dλ(s) ≤ C(1 + log |w|)
locally uniformly in p. An integration by parts with compact supports yields∫
|s|<1
∂J˜0(φ ◦ Lp)(0,ws)O(|w|)dλ(s) =
∫
|s|<1
φ ◦ Lp(0, ws)dλ(s) = O(log |w|).
Hence, the remainder term O(|w|N−1) in E(w,s) gives contributions of order at most
O(|w|N−1 log |w|) in ∂J˜0Φ as |w| tends to 0; the remainder terms O(|w|N−1) in E(w,s)
and O(|w|N−2) in F(w,s) give contributions of order at most O(|w|N−2 log |w|) in ∂J˜0 ∂¯J˜0Φ
as |w| tends to 0.
By (C.34), an integration by parts in (C.33) gives
∂J˜0Φ(p,w) · (̺, η) =
∫
Cn
∂J(p)(φ ◦ Lp){(̺, ηs) + |w|2(0,Ξ)}
χ(A(0, w, s))B(0, w, s)dλ(s)
+O(|w|N−1 log |w|) · (̺, η), (C.38)
with
Ξ(ζ) =
∑
α,j,l,m
1
χ(|s|2)
∂
∂s¯l
(χ1(|s|2)s¯α−1m)dαlj αm|α| w¯
|α|−2̺j
∂
∂zm
.
The choice χ(t) = C
(1−t)2 exp(
1
t−1 ) for t < 1 gives χ1(t) = −C exp( 1t−1 ), so
χ1(t)/χ(t) = (1− t)2
is smooth and bounded, and our vector field Ξ(ζ) is smooth. We can write
τ = dLp(0, ws)(̺, ηs + |w|2Ξ(ζ)).
Since
exphz(ζ) = Lp(z, ρp(z, ξ)), ρp(0, ξ) = ξ +O(ξ
N+1),
and
∂J(p)ρp(0, ξ) = dξ +O(ξ
N )dξ
by Proposition C.4, we infer that the (1, 0)-differential of exph at (p, ζ) ∈ T 1,0M is
∂J(p)exph(p,ζ) = dLp(0, ξ) + O(ξ
N)dξ
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modulo the identification of the tangent spaces T (T 1,0M)(p,ξ) and T (TC
n)(0,ξ) given by the
coordinates (z, ξ) on T 1,0M . However, these coordinates are precisely those which realize
the splitting
T (T 1,0M)(p,ξ) = (T
1,0
p M)
h ⊕ (T 1,0p M)v
with respect to the Chern connection on Up. Since s = ξ + O(w
N ξN+1) and ξ = ζ at
z = 0, we get
τ = ∂J(p)exph(p,wζ)(̺
h + ηζv + |w|2Ξ(ζ)v) +O(|w|N |ζ|N ).
We can drop the terms O(|w|N ) in τ because∫
|ζ|<1
∂J(p)φ(exphp(wζ))dλ(ζ) =
1
|w|2n
∫
|ζ|<|w|
∂J(p)φ(exphp(ζ))dλ(ζ)
= O(|w|−1). (C.39)
By (C.34) and (C.37), an integration by parts in (C.35) gives
∂J˜0 ∂¯J˜0Φ(p,w)(̺, η) ∧ (̺, η) =
∫
Cn
∂J˜0 ∂¯J˜0(φ ◦ Lp)(0,ws) · {(̺, ηs) ∧ (̺, ηs)
+|w|2(0,Ξ(ζ)) ∧ (̺, ηs) + |w|2(̺, ηs) ∧ (0,Ξ(ζ))
+|w|(0, U)}χ(A(0, w, s))B(0, w, s)dλ(s)
+O(|w|N−2 log |w|)(̺, η) ∧ (̺, η), (C.40)
where
U(ζ) =
∑
l,m
1
2
(Um,l + Ul,m)
∂
∂zm
∧ ∂
∂zl
is smooth,
Um,l(ζ) = −χ1(|s|
2)
χ(|s|2) · {
∑
j,k
clmjk̺j ¯̺k + 2
∑
α,j,k
eαmjkw
|α|−1 αl
|α|s
α−1l̺j ¯̺k
+2
∑
α,k
dαmk(|α| − 1)w|α|−2 αl|α|s
α−1lη ¯̺k}
+
∑
α,β,j,k
dαmkdβljw
|α|−1w|β|−1sαs¯β̺j ¯̺k.
We can write
(̺, ηs) ∧ (̺, ηs) + |w|2(0,Ξ(ζ)) ∧ (̺, ηs) + |w|2(̺, ηs) ∧ (0,Ξ(ζ)) + |w|(0, U)
= (̺, ηs + |w|2Ξ(ζ) ∧ (̺, ηs + |w|2Ξ(ζ)) + (0, U − |w|2Ξ(ζ) ∧ Ξ(ζ))).
Therefore (C.41) implies the formula in Proposition C.7 with
V = dLp(0,ws)(0, U − |w|2Ξ ∧ Ξ).
Finally, we get
V = ∂J˜0exph(p,wζ)(U
v − |w|2Ξv ∧ Ξv) +O(|w|N |ζ|N ).
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Also, we can get∫
|ζ|<1
∂J˜0 ∂¯J˜0exphp(wζ)dλ(ζ) =
1
|w|2n
∫
|ζ|<|w|
∂J˜0 ∂¯J˜0exphp(ζ)dλ(ζ)
= O(|w|−2). (C.41)
After substituting ζ to s in the formal expression of Ξ and U , we get precisely the formula
given in Proposition C.7. As done in the proof of Proposition 3.8 in [12], the remainder
term O(|w|N−1 log |w|) in (C.38) (resp. O(|w|N−2 log |w|) in (C.41) ) is in fact of the type
O(|w|N ) (resp. O(|w|N−1)). To see this, we increase N by two units and estimate the
additional terms in the expansions, due to the contribution of all multi-indices α with
|α| = N+1 or N+2. It is easily seen that the additional terms in Ξ and U are O(|w|N−1),
so they are O(|w|N+1) in τ and |w|2V . The contribution of these terms to ∂J(p)Φ(p,w) and
∂J(p)∂¯J(p)Φ(p,w) are thus of the forms∫
|ζ|<1
∂J(p)φ(exphp(wζ))O(|w|N+1)dλ(ζ) = O(|w|N ),∫
|ζ|<1
∂J(p)∂¯J(p)φ(exphp(wζ))O(|w|N+1)dλ(ζ) = O(|w|N−1).
This completes the proof of Proposition C.7.
By Lemma C.6, (C.38) and (C.39), we have
Corollary C.8. Let N = 2, we have
(
1
2
dJ˜dΦ(z, w)(0,w))
(0,2)(¯̺, 0) ∧ (¯̺, 0) = √−1
∫
ζ∈T 1,0p M
−
∑
k
∂
∂zk
(φ ◦ Lp(z, w))Nk(p)
{[(¯̺, 0) + |w|2(0,Ξ)] ∧ [(¯̺, 0) + |w|2(0,Ξ)]}(0,w)
+O(|w|2)
=
√−1
∫
ζ∈T 1,0p M
−
∑
k,i,j
∂
∂zk
(φ ◦ Lp(z, w))Nki¯j¯ ¯̺i ∧ ¯̺j
+O(|w|).
C.3 Regularization of closed positive (1, 1)-currents on tamed almost
complex 4-manifolds
In this subsection, we devote to studying regularization of closed positive (1,1) currents on
tamed almost complex 4-manifolds. It is similar to J.-P. Demailly’s result [11,12] that we
will see that it is always possible to approximate a closed positive almost complex (1, 1)
current T on almost Hermitian 4-manifold (M,gJ , J, F ) by smooth closed real currents
admitting a small negative part, and that this negative part can be estimated in terms of
the Lelong numbers of T and geometry of M . Let (M,gJ , J, F ) be an almost Hermitian
4-manifold tamed by a symplectic form ω1 = F + d
−
J (v + v¯). In general, ∂J ∂¯Jf is not
d-closed since J is not integrable. In Section 2, we have defined an operator
D+J : C∞(M) −→ Ω+J (M). (C.42)
90
For any f ∈ C∞(M), D+J (f) ∈ Ω+J (M) is d-closed. Let T be a closed strictly positive
current of bidegree (1, 1) on (M,gJ , J, F ) tamed by ω1. Let ω˜ be a smooth closed (1, 1)-form
representing the same D+J -cohomology class as T and let ψ = D+J (f) be a quasi-J-positive
(1, 1)-current (that is, a (1, 1)-form which is locally the sum of a positive (1, 1)-current
and a smooth (1, 1)-form) such that T = ω˜ +D+J (f). Such a function f , is called a quasi-
J-plurisubharmonic function. Such a decomposition exists since we can always find an
open covering (Ωk) where Ωk are J-pseudoconvex domains such that T = D+J (fk) over Ωk
(see Lemma A.11 or Theorem A.31 in Appendix A), and costruct a global f =
∑
ςkfk
by means of a partion of unity (ςk) (note that f − fk is smooth on Ωk). Notice that for
any p ∈ M , there exists a J-compatible symplectic form ωp on a small neighborhood Up
which is J-pseudoconvex. By the construction of ωp (cf. Lejmi [54]), there exists real
1-form α on Up such that ωp = dα. Hence, by Lemma A.11 (that is Theorem A.31 in
Appendix A.3), there is a real function fp on Up which is strictly J-plurisubharmonic such
that ωp = D˜+J (fp) = dW˜(fp) with respect to metric gp(·, ·) = ωp(·, J ·). Since (Up, ωp) is a
symplectic 4-manifold, thus W˜(fp) =W(fp) (see Section 2),
ωp = dW(fp) = D+J (fp). (C.43)
Therefore, we have the following lemma,
Lemma C.9. Suppose that (M,J) is an almost complex 4-manifold. For any p ∈ M ,
there exist a small neighborhood Up and a smooth strictly J-plurisubharmonic function fp
on Up such that D+J (fp) is a strictly positive closed (1, 1)-form on Up.
Now suppose that (M,gJ , J, F ) is an almost Hermitian 4-manifold tamed by ω1 =
F + d−J (v + v¯) where v ∈ Ω0,2J (M). Let T = ω˜ + D+J (φ) be a closed (1, 1)-current on M ,
where ω˜ is a smooth closed (1, 1)-form on M and φ ∈ Lq2(M) for some fixed q ∈ (1, 2). It
is easy to see that
ν1(T, p) = ν1(D+J (φ), p), p ∈M, (C.44)
where ν1 is the Lelong number defined in Appendix B.1 (cf. Definition B.13).
As done in Appendix C.1, for almost Hermitian 4-manifold (M,gJ , J, F ), we choose the
second canonical connection ∇1 with respect to the almost Hermitian structure (gJ , J, F ).
Then, for the coframe {θ1, θ2} of the metric g = gJ −
√−1F on M , the curvature form of
∇1 is given by
(Ψji )
(1,1) = Rj
ikl¯
θk ∧ θ¯l, 1 ≤ i, j, k, l ≤ 2,
(Ψji )
(2,0) = Kiiklθ
k ∧ θl, 1 ≤ i, j, k, l ≤ 2,
(Ψji )
(0,2) = Kijk¯l¯θ¯
k ∧ θ¯l, 1 ≤ i, j, k, l ≤ 2,
with Kijkl = −Kijlk, Kijk¯l¯ = −Kijl¯k¯ and Rijkl¯ = −R
j
ilk¯
. Denote by R∇1 the (1,1) part of
the curvature form Ψ of ∇1, hence R∇1 = Rj
ikl¯
θk ∧ θ¯l, 1 ≤ i, j, k, l ≤ 2. Using Taylor
expansion of exponential map (cf Appendix C.1), we can make regularization of quasi-J-
plurisubharmonic functions. Suppose that (M,gJ , J, F ) is an almost Hermitian 4-manifold
tamed by a symplectic form ω1 = F + d
−
J (v + v¯), v ∈ Λ0,1(M). Let φ ∈ Lq2(M) for some
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fixed q ∈ (1, 2) be a quasi-J-plurisubharmonic function, then d1,1J (φ) ∈ Λ1,1R (M) ⊗ Lq is a
closed (1, 1)-current. As done in Appendix C.1, ∀p ∈M , choose a strictly J-pseudoconvex
neighborhood Up = {(z1, z2) ∈ C2 | zi(p) = 0, i = 1, 2} of p. Then
φε(z) =
1
ε4
∫
ζ∈T 1,0z M
φ(exphz(ζ))χ(
|ζ|
ε2
)dλ(ζ), ε > 0,
Φ(z, w) =
∫
ζ∈T 1,0z M
φ(exphz(wζ))χ(|ζ|2)dλ(ζ).
Here dλ denotes the Lebesgue measure on C2. The change of variable y = exphz(wζ)
expresses ws as a smooth function of y, z in a neighborhood of the diagonal in M ×M .
Hence Φ is smooth overM×{0 < |w| < ε0} for some ε0 > 0. Let J˜ = J⊕Jst, J˜0 = J(p)⊕Jst
on Up × C, as done in Appendix C.2, we have the following formula:
D+
J˜
(φ)|(p,w)(ζ ∧ ζ¯, η ∧ η¯) =
∫
ζ∈T 1,0p M
D+
J˜0
φ(τ ∧ τ¯ + |w|2V )exphp(wζ)χ(|ζ|2)dλ(ζ)
+O(|w|N−1)(ζ ∧ ζ¯ , η ∧ η¯). (C.45)
Where at y = exphp(wζ),
τy = ∂J(p)exph(p,wζ)(̺
h + ηζv + |w|2Ξvy),
Vy = ∂J(p)exph(p,wζ)(U
v − |w|2Ξv ∧ Ξv)y.
For more details, see Appendix C.2. The following theorem is similar to Theorem 4.1 in
Demailly [12].
Theorem C.10. Let (M,gJ , J, F ) be an almost Hermitian 4-dimensional manifold tamed
by the symplectic form ω1 = F + d
−
J (v + v¯), ∇1 the second canonical connection on TM .
Fix a smooth semipositive (1, 1)−form u on M such that the (1,1) curvature form R∇1 of
∇1 satisfies
(R∇
1
+ u⊗ IdTM )(̺⊗ ξ, ̺⊗ ξ) ≥ 0
∀̺, ξ ∈ TM1,0 such that 〈̺, ξ〉 = 0. Let T = ω˜+D+J (φ) be a closed real current where ω˜ is
a smooth closed real (1, 1)−form and φ is quasi-J-plurisubharmonic. Suppose that T ≥ γ
for some real (1, 1)−form γ with continuous coefficients. As w tends to 0 and p runs over
M , there is a uniform lower bound
ω˜p(ζ∧ζ¯)+D+J Φ(p,w)(̺∧ ¯̺, η∧η¯) ≥ γp(̺∧ ¯̺)−λ(p, |w|)up(̺∧ ¯̺)−δ(|w|)|̺|2−
1
π
K(|̺||η|+|η|2),
where (̺, η) ∈ TM1,0 × C, K > 0 is a sufficiently large constant, δ(t) a continuous in-
creasing function with lim
t→0
δ(t) = 0, and
λ(p, t) = t
∂
∂t
(Φ(p, t) +Kt2),
where
Φ(p,w) =
∫
s∈T 1,0p M
φ(exphp(ws)) · χ(|s|2)dλ(s).
92
The above derivative λ(p, t) is a nonnegative continuous function on M × (0, ε0) which is
increasing in t and such that
lim
t→0
λ(p, t) = ν1(p, T ).
In particular, the currents Tε = ω˜+D+J (Φ(·, ε)) are smooth closed real currents converging
weakly to T as ε tends to 0, such that
Tε ≥ γ − λ(·, ε)u − δ(ε)F.
Proof. Our approach is along the lines used by Demailly to give a proof of Theorem 4.1
in Demailly [12] by replacing
√−1∂∂¯φ with D+J (φ) . It suffices to prove the estimate for
|w| < ε(δ), with δ > 0 fixed in place δ(|w|). Also, the estimates are local on M . For any
p ∈M , choose a small neighborhood Up which is strictly J-pseudoconvex, and there exists
a symplectic form ωp on Up. We may assume that Up is very small, hence on Up there
exists Darboux coordinate (z1, z2), zi(p) = 0, i = 1, 2, for ωp. If we change φ into φ + φp
with a small function φp such that D+J (φp) is strictly positive (or negative) on Up due to
Lemma C.9, then ω˜ is changed into ω˜−D+J (φp) and Φ into Φ+Φp, where Φp is a smooth
function on Up × C such that Φp(z, w) = φp(z) + O(|w|2). It follows that the estimate
remains unchanged up to a term O(1)|η|2. We can thus work on a small coordinate open
set Ω ⊂ Up ⊂M and choose φp such that γ − (ω˜ −D+J (φp)) is positive definite and small
at p, say equal to δ4Fp. After shrinking Ω and making φ 7→ φ+φp, we may in fact suppose
that T = ω˜ + D+J (φ) on Ωp,δ ⊂ Ω where Ω satisfies γp − ω˜p = δ4Fp and γ − δ2F ≤ ω˜ ≤ γ
on Ωp,δ. In particular, D+J (φ) ≥ γ − α, D+J (φ) is strictly positive on Ωp,δ and also φ is
a strictly J-plurisubharmonic function (cf. Lemma A.11). As done in classical complex
analysis (cf. Demailly [12]), all we have to show is
D+J (Φ(p,w))(̺ ∧ ¯̺, η ∧ η¯) ≥ −λ(p, |w|)up(̺ ∧ ¯̺)−
δ
2
|̺|2 −K(|̺||η|+ |η|2),
for |w| < w0(δ) small. Let
χ1(t) =
∫ t
+∞
χ(t),
we apply Proposition C.7 at order N = 2, |α| = 2. Similar to the argument in Appendix
C.2 (cf. (C.41)), we have∫
|ζ|<1
D+J(p)φ(exphp(wζ))dλ(ζ) =
1
|w|4
∫
|ζ|<|w|
D+J(p)φ(exphp(ζ))dλ(ζ)
= O(|w|−2). (C.46)
Notice that 0 ≤ −χ1 ≤ χ. As done in the proof of Theorem 4.1 in [12], we use the fact
that τ = ̺ + ηζ + O(|w|). Consider Jst, ∂st and ∂st, by (C.46), we can neglect all terms
of the form D+J(p)(φ)(τ ∧ τ¯ + |w|2V )exphp(wζ)O(|w|3) under the integral sign. Up to such
terms, in terms of Proposition C.4, D+J(p)(φ)(τ ∧ τ¯ + |w|2V )exphp(wζ)χ(|ζ|2) is equal to
−|w|2χ1(|ζ|2)Re
∑
l,m
D+J(p)(φ)l¯m{
χ(|ζ|2)
−|w|2χ1(|ζ|2) τ¯lτm +
∑
j,k
cjklm̺j ¯̺k
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+2
∑
|α|=2,k
dαkm(|α| − 1)w|α|−2 αl|α|ζ
α−1lη ¯̺k}
≥ −|w|2χ1(|ζ|2)
∑
l,m
D+J(p)(φ)l¯m{
1
|w|2 τ¯lτm +
∑
j,k
cjklm(̺j ¯̺k +
1
2
ζjη ¯̺k +
1
2
ζ¯k̺j η¯)}
= −|w|2χ1(|ζ|2)
∑
l,m
D+J(p)(φ)l¯m{
1
|w|2 τ¯lτm +
∑
j,k
cjklmτj τ¯k
−
∑
j,k
cjklm(
1
2
ζjη ¯̺k +
1
2
ζ¯k̺j η¯ + ζj ζ¯kηη¯)},
where D+J(p)(φ)l¯m = D+J(p)(φ)( ∂∂z¯l ∧
∂
∂zm
). By (C.46), the mixed terms ̺j η¯, η ¯̺k give rise to
contributions bounded below by −K ′(|̺||η| + |η|2). Hence, we get the estimate (cf. (4.3)
in Demailly [12])
D+J (Φ(p,w))(̺ ∧ ¯̺, η ∧ η¯)
≥ |w|2
∫
C2
−χ1(|ζ|2)
∑
j,k,l,m
D+J(p)(exphp(wζ))l¯m(cjklm +
1
|w|2 δjmδkl)τj τ¯k dλ(ζ)
−K ′(|̺||η| + |η|2), (C.47)
where cjklm is the curvature of ∇1 with respect to the metric gJ . Similar to the argument
of Lemma 4.4 in Demailly [12], since D+J(p)(φ) is strictly positive, we have∑
j,k,l,m
D+J(p)(φ)l¯m(cjklm +Mεδjmδkl)τj τ¯k +
∑
l
D+J(p)(φ)ll¯(u(τ ∧ τ¯) + ε|τ |2) ≥ 0,
for a constant Mε > 0. Combining this with (C.47) for |w|2 < 1Mε , we have
D+J (Φ(p,w))(̺ ∧ ¯̺, η ∧ η¯)
≥ −
[
2|w|2
∫
C2
−χ(|ζ|2)
∑
l
D+J(p)(φ)ll¯(exphp(wζ)) dλ(ζ)
]
(up(̺ ∧ ¯̺) + ε|̺|2)
−K ′′(|̺||η| + |η|2).
Change variables ζ → s defined by exphp(wζ) = p+ ws, and choose ε≪ δ, we get
D+J (Φ(p,w))(̺ ∧ ¯̺, η ∧ η¯) ≥ −λΩ(p, |w|)up(̺ ∧ ¯̺)−
δ
3
|̺|2 −K(|̺||η| + |η|2),
where
λΩ(p, |w|) = 2|w|2
∫
C2
−χ1(s2)
∑
l
D+J(p)(φ)ll¯(p+ ws) dλ(s).
More details, see the proof of Theorem 4.1 in Demailly [12].
Recall that the Lelong number ν1(p, T ) = limr→0 ν1(p, ω1, r, T ), where T = ω˜+D+J (φ),
ω˜ is smooth closed (1, 1)-form
ν1(p, ω1, r, T ) =
∫
B(p,r)
T ∧ ω1.
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More details, see Definition B.13 in Appendix B.1.
Hence
ν1(p, T ) = lim
r→0
ν1(p, ω1, r, T ) = lim
r→0
ν1(p, F, r,D+J (φ)).
By remark C.5 and Theorem B.15, we have
lim
|w|→0
ν1(p, F, r,D+J φ) = limr→0
2
r2
∫
B(p,r)
∑
1≤l≤2
D+J(p)(φ)ll¯(p +ws)dλ(s)
= lim
r→0
ν ′1(p, r,D+J (φ)),
where
ν ′1(p, r,D+J (φ)) =
2
r2
|w|2
∫
|s|<r
∑
1≤l≤2
D+J(p)(φ)ll¯(p+ ws)dλ(s).
Since
−χ1(|s|2) = 2
∫ ∞
|s|
χ(r2)rdr,
by Fubini formula
λΩ(p, |w|) =
∫ 1
0
ν ′1(p, |w|r,D+J (φ))χ(r2)rdr,
λΩ(p, t) =
∫
R4
ν ′1(p, t|s|,D+J (φ))χ(|s|2)dλ(s).
Hence λΩ(p, t) is smooth, increasing in t and
lim
t→0
λΩ(p, t) = ν1(p,D+J (φ)) = ν1(p, T ).
Recall that, in Theorem C.10,
λ(p, t) =
∂
∂ log t
(Φ(p, t) +Kt2)
is a nonnegative increasing function of t, since Φ(p, t) +Kt2 is plurisubharmonic in t.
Putting ̺ = 0, Proposition C.7 gives
∂2Φ
∂w∂w¯
(p,w) =
∫
Cn
∂st∂¯stφexphp(wζ)(ζ ∧ ζ¯)χ(|ζ|2) dλ(ζ) +O(1).
Change coordinates so that exphp(wζ) = p + ws where ζ = s + O(w
2s3). Similar to
Equality (4.5) in Demailly [12], since ∂
2
∂w∂w¯ = t
−1 ∂
∂t(t
∂
∂t) for a function of w depending
only on t = |w|, a multiplication by t followed by an integration implies
t
∂Φ(p, t)
∂t
=
∫
C2
ν1(p, t|s|,D+J (φ))χ(|s|2)dλ(s) +O(t2) = λΩ(p, t) +O(t2). (C.48)
Hence, λΩ(p, t)− λ(p, t) = O(t2) and the first estimate in Theorem C.10. φε converges
to φ in L1loc, so Tε converges weakly to T . Also, φε +Kε
2 is increasing in ε by the above
arguments. We may assume that (M,gJ , J, F ) be a closed almost Hermitian 4-manifold
tamed by ω1 = F + d
−
J (v + v¯). Hence λ(p, |w|), δ(t) is well-defined on the whole M when
|w| is very small. Then, limt→0 δ(t) = 0, limt→0 λ(p, t) = 0, ∀p ∈ M . The proof is
completed.
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Remark C.11. The estimates obtained in Theorem C.10 can be improved by setting
Φ˜(p,w) = Φ(p,w) + |w|, λ˜(p, t) = t ∂
∂t
(Φ˜(p, t)).
Similar to Remark 4.7 in Demailly [12], we have
ω˜p(̺ ∧ ¯̺) +D+J Φ˜(p,w)(̺ ∧ ¯̺, η ∧ η¯) ≥ γp(̺ ∧ ¯̺)− λ˜(p, |w|)up(̺ ∧ ¯̺)− δ˜(|w|)|̺|2, (C.49)
where lim
t→0
λ˜(p, t) = ν1(p, T ), and lim
t→0
δ˜(t) = 0, δ˜ being continuous and increasing.
C.4 Approximation theorem on tamed almost complex four manifolds
This subsection is devoted to proving approximation theorem on tamed closed almost
complex 4-manifolds. If T is a closed positive or almost positive current on a tamed
almost complex manifold M , we denote by Ec(T ) the c-upper level set of Lelong numbers:
Ec(T ) = {p ∈M | ν1(p, T ) ≥ c}, c > 0.
As done in classical complex analysis, we have the following theorem:
Theorem C.12. (see Theorem 6.1 in Demailly [12]) Let T be a closed positive almost
complex (1, 1) current on closed almost Hermitian 4-manifold (M,gJ , J, F ) tamed by a
symplectic form ω1 = F + d
−
J (v + v¯) and let ω˜ be a smooth real (1,1)-form in the same
D+J -cohomology class as T , that is, T = ω˜ + D+J (φ) where φ is in Lq2(M)0 for some fixed
q ∈ (1, 2). Let γ be a continuous real (1, 1)-form such that T ≥ γ. Let ∇1 be the second
canonical connection on TM with respect to the metric gJ such that the corresponding
(1,1) curvature form R∇1 of ∇1 satisfies
(R∇
1
+ u⊗ IdTM )(̺⊗ ξ, ̺⊗ ξ) ≥ 0, ∀̺, ξ ∈ TM1,0
with < ̺, ξ >gJ= 0 for some continuous (1, 1)-form u on M . Then there is a family of
closed positive almost complex (1, 1) currents Tε = ω˜ +D+J (φε), ε ∈ (0, ε0) such that φε is
smooth over M , increases with ε, and converges to φ as ε tends to zero (in particular, Tε
is smooth and converges weakly to T on M), and such that
1) Tε ≥ γ − λεu− δεF where:
2) λε(p) is an increasing family of continuous function on M such that limε→0λε(p) =
ν1(p, T ) at every point p ∈M ,
3) δε is an increasing family of positive constants such that limε→0δε = 0.
Proof. Our approach is along lines used by Demailly to give a proof of Theorem 6.1 in [12].
As done in Theorem C.10 and Remark C.11, for a quasi-J-plurisubharmonic function φ
on M , we have φε defined on a small neighborhood of the diagonal of M ×M and Φ on
M × {0 < |w| < ε0}. Let φc,ε be the Legendre transform
φc,ε = inf|w|<1
(Φ˜(p, εw) +
ε
1− |w|2 − c log |w|),
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where Φ˜(p,w) = Φ(p,w) + |w|. The sequence φc,ε is increasing in ε and
lim
ε→0+
φc,ε(p) = Φ˜(p, 0+) = Φ(p, 0+) = φ(p),
where ε → 0+ means the limit from the right at 0. Moreover, as Φ˜(p,w) is convex and
increasing in t = log |w|, the function
Φc,ε(p, t) := Φ˜(p, εt) +
ε
1− t2 − c log t
is strictly convex in log t and tends to +∞ as t tends to 1. Then the infimum is attained
for t = t0(x) ∈ [0, 1) given either by the zero of the ∂∂ log t derivative:
λ˜(x, εt) +
2εt2
(1− t2)2 − c = 0
when ν1(p, T ) = lim
t→0+
λ˜(p, t) < c, or by t0(p) = 0 when ν1(p, T ) ≥ c.
Since the ∂∂ log t derivative is itself strictly increasing in t, the implicit function theorem
shows that t0(p) depends smoothly on p on M\Ec(T ) = {ν1(p, T ) < c}, hence φc,ε =
Φc,ε(p, t0(p)) is smooth on M\Ec(T ).
Fix a point p ∈ M\Ec(T ) and t1 > t0(p). For all z in a neighborhood V of p we still
have t0(z) < t1, hence on V , we have
φc,ε(z) = inf|w|<t1
(Φ˜(z, εw) +
ε
1− |w|2 )− c log |w|.
By (C.49), all functions involved in that infimum have a complex Hessian in (z, w)
bounded below by
γz − ω˜ − λ˜(z, εt1)uz − δ˜(εt1)wz.
By taking t1 arbitrarily close to t0(p) and by shrinking V , the lower bound comes arbitrarily
close to
γp − ω˜p − λ˜(p, εt0(x))up − δ˜(εt0(p))wp ≥ γp − ω˜p −min{λ˜(p, ε), c}up − δ˜(ε)wp,
since
λ˜(p, εt0(p)) = c− 2εt0(p)2/(1− t0(p)2)2 ≤ c,
and λ˜(p, t), δ˜(t) are increasing in t. Hence we have
ω˜ +D+J φc,ε ≥ γ −min{λ˜(·, ε), c}u − δ˜(ε)w
on M\Ec(T ). However, as the lower bound is a continuous (1, 1)-form and φc,ε is quasi-J-
plurisubharmonic, the lower bound extends to M by continuity and M is closed. Hence,
1), 2), 3) are proved. This completes the proof of Theorem C.12.
Remark C.13. In Section 4, we consider closed positive current T = ω˜+D˜+J (φ) on closed
Hermitian 4-manifold (M,gJ , J, F ) tamed by ω1 = F + d
−
J (v + v¯), v ∈ Ω0,1J (M). Here ω˜
is a closed smooth (1, 1)-form, D˜+J is defined in Section 2, φ ∈ Lq2(M) for some fixed
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q ∈ (1, 2). We would like point out that Theorem C.12 also holds for D˜+J . In fact, the
approximation theorem is locally proved. For ∀p ∈ M , there exists a symplectic ωp on a
strictly J-pseudoconvex domain Up. Notice that it is often convenient to work with smooth
forms and then prove statements about currents by using an approximation of a given
current by smooth forms (cf. [31, 69]). By Lemma A.11 or Theorem A.31 in Appendix
A, we can solve W˜, d−J -problem on strictly J-pseudoconvex symplectic domain (Up, ωp).
Hence there is a φp ∈ L22(Up) such that W˜(φ)|Up = W(φp) and D˜+J (φ)|Up = D+J (φp) since
dωp = 0 (cf. Remark 2.6).
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